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Abstract

We study SIR-type epidemics (susceptible-infected-
resistant) on graphs in two scenarios: (i) when the
initial infections start from a well-connected central
region and (ii) when initial infections are distributed
uniformly. Previously, Odor et al. demonstrated on a
few random graph models that the expectation of the
total number of infections undergoes a switchover
phenomenon; the central region is more dangerous for
small infection rates, while for large rates, the uniform
seeding is expected to infect more nodes. We rigorously
prove this claim under mild, deterministic assumptions
on the underlying graph. If we further assume that the
central region has a large enough expansion,
the second moment of the degree distribution is
bounded and the number of initial infections is com-
parable to the number of vertices, the difference
between the two scenarios is shown to be macroscopic.
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1 | INTRODUCTION

We study the propagation of a disease on a network, and in particular the “switchover”
phenomenon established in [8, 9]. Informally, the phenomenon means the following. We have
a network (describing the network of interactions of people in a country), which has a denser
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“central region” and a sparser “periphery.” We compare the total number of nodes that get
infected if a given number of seeds (initial infections) are distributed uniformly and randomly
in the central region and in the whole graph, respectively. The switchover phenomenon means
that for a low infection rate, an epidemic starting in the central region is worse (results in a
larger epidemic), but this switches over so that the epidemics starting uniformly over the whole
country are worse.

Odor et al. [8] motivated the central seeding scenario by the emergence of a new pathogen
that enters a country via international travel, and the uniform seeding scenario by a pathogen
that is already present in various locations of the country, but causes a new epidemic wave due
to changes in seasonality. Odor et al. [8] have also shown by simulation that the switchover
phenomenon occurs in many networks (not all), and established it rigorously for some very
simple networks. In [9], some mathematical conditions were formulated (without proof), under
which the switchover phenomenon occurs. The goal of this paper is to generalize those results
and prove them mathematically.

Our model for the spread of infection is the SIR(1) model (which is one of the simplest).
In this model, we have a finite graph G. A node can be in one of three states: susceptible
(S), infected (I), or resistant (R). At each step, if a susceptible node has an infected
neighbor, then it gets infected by this neighbor with probability 5. If it has several infected
neighbors, then the events that these infect the node are independent. The node becomes
infected if at least one of its infected neighbors infects it. An infected node recovers
deterministically after one step, and will be resistant from then on, which means that it
does not infect and cannot be infected. If you think of a time scale where one step as
a week, then this may be a reasonable assumption; every event (getting infected and then
passing it on) is recorded on a weekly scale.

The main advantage of the SIR(1) model for us is that it is equivalent with a percolation
problem. A proof of this simple observation was given in [9]. Briefly, it is not hard to see that we
can decide about each edge in advance, independently and with probability 8, whether it is
going to pass on the infection, at any time when one of its endpoints is infected and the other
one is susceptible. Our model guarantees that every edge has at most one chance to be in this
situation. In other words, we keep every edge with probability § and delete the remaining
edges; this way we get an edge-percolated graph G£. For a seed set S, we denote by G#(S) the
union of those components of G# that contain at least one node of S. Then IG#(S)I nodes will be
infected at one point during the epidemic in total.

Our goal is to compare the expectations of IGF (S;) and IGE(S,)|, where S; is a random subset
of the central region and S, is a random subset of the whole node set. In Section 2.2, we show
that under quite general conditions on G and for very small §, seeding the central region is
worse, but for 8 very near to 1, seeding the whole graph uniformly is worse (Theorem 2.3). The
conditions on G are intuitive and deterministically checkable, as they mainly ensure that the
central region has a higher average degree than the entire graph, and exclude sparse cuts in G.
However, such values of 8 are unlikely to occur in real life, and also the differences in epidemic
sizes are minuscule. We call this “weak switchover,” and we give its formal definition in
Section 2.1.

In Section 2.3, we formulate conditions on the graph under which we can work with values
of 8 in a more reasonable range, and we can establish that the difference between the sizes of
the epidemics starting from S; and S, is of the same order of magnitude as the whole graph (we
call this “strong switchover”). These conditions on the graph (Theorem 2.14) are tighter than
for weak switchover, but they are still reasonable, and can be deterministically checked in real
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networks. Besides the condition that the central region has a higher average degree than the
entire graph, we require the central region to satisfy an edge expansion property for large
sets [1]. While most real networks are not expected to be expander graphs, we expect that
the central region will have this property, depending on how it is selected. We do not make
additional assumptions on the selection of the central region in this paper, but we note that [8]
defined it as the nodes of the largest k-core in a commuting network between settlements of a
country, which often turns out to be the capital city and its agglomeration—an almost fully
connected network. Our assumptions are intended to be natural and minimal, but we suspect
that similar results can be proven with slightly different assumptions. However, we expect that
any set of assumptions that prove similar results must control the prevalence of small cuts, as
the epidemic size is very sensitive to bottlenecks in the graph.

Finally, as an application of our results in Section 2.3, we prove that weak switchover occurs
on Chung-Lu random graphs with power-law degree distribution [4] in Section 4. This result
was stated in [8], along with a nonrigorous proof.

1.1 | Relationship with distribution-free graph models

Epidemics are often studied either theoretically or by simulation on random graph models
[7]. In this paper, our goal is different: we aim to find deterministic conditions on the graph,
which give rise to the switchover phenomenon (in expectation, where the randomness
only comes from the epidemic or percolation process). Such combinatorial results, which
are studied with a network science application in mind, are called distribution-free in the
literature [6]. The main advantage of the distribution-free approach is that deterministic
conditions can be verified on real networks, as opposed to the results on random
graph distributions, where we can only hope that the results also apply to real networks.
Moreover, one can go from results with deterministic conditions to results on random graphs
relatively easily (as we do in Section 4), whereas going in the opposite direction seems much
more difficult.

Proving facts that hold with high probability for random graphs for deterministic graphs
with appropriate properties goes back (at least) to the study of quasirandom graphs [5]. In the
network science setting, the study of distribution-free graph models was started by Fox et al.
[6], and several papers followed. We refer to [10] for a review. The deterministic constraints
studied in this topic include conditions on the triadic closure [6], on heterogeneous degree
distributions [3] and on the expansion properties [2] of the graphs. While one of our main
conditions is also a deterministic expansion property (a stronger one than in [2]), our condi-
tions and proof techniques are different from all previous papers that we are aware of in this
topic.

2 | RESULTS
2.1 | Notation and setup
Let G = (V, E) be a simple graph on n nodes. We use the notation

IGl = VI = n.
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For a subset S C V, G(S) denotes the union of connected components meeting S. As usual,
we denote by G [S] the subgraph induced by S. e(K, L) stands for the number of edges between
K,L C V. The average degree and the second moment of the set K C V is denoted by

Teg(K) = % 3 deg(v),
vek

deg?(K) := % > deg?(v).
veK

The path visiting vertices vy, vy, ..., vy € V' is denoted by vyv,...v;. For neighboring vertices
u,v € Vwewriteu ~vand for K C V, M(K) stands for {v € V\K| 3 u € K : v ~ u}, that is, the
neighborhood of K.

We consider graphs with a specified subset C C V (modeling the central region) of size

ICl =r =cn.

Here, 0 < ¢ < 1 is considered to be “macroscopic,” and C will be denser than average in a
sense to be defined later. Throughout, we use the notation G; = G[C] and G, = G\E (Gy).

For 0 <f <1, G# denotes the percolation of G with edge retention probability 3; in other
words, the graph is obtained by selecting each edge of G independently with probability 5, and
deleting the unselected edges.

Usually, the set S C V represents a deterministic seed of initial infections. We will be
interested in random seeds

S ~ Uni(L, k)
sampled uniformly from the k-subsets of a set L C V for some
k=sn

(0 < s < ¢). We think of L as a macroscopic subset; typical choices are L = V and L = C. The
corresponding random subsets for L = C and L = V are S¢ ~ Uni(C, k) and Sy ~ Uni(V, k).

In our considerations, we generate the random graph G# and the seed set S independently.
We let Ps and Eg denote the probability and expectation if only the seed S is randomized, and
define P; and Eg analogously when only the graph G* is randomized. We use no subscript if

probability and expectation are taken over both random choices.
Now we come to our two main definitions.

Definition 2.1. We say the graph G exhibits a weak switchover phenomenon with
seed size k (1 <k <ICl), if there are §3;, 8, € (0, 1) such that for S¢ ~ Uni(C, k), and
Sy ~ Uni(V, k) we have

E(GA(So)) > E(IGE(S))),

but

E(GA(Sc)) < E(IGA(S)).
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Note that Definition 2.1 only requires that there is some difference between E(IG?(S¢)!) and
E(IG8(Sy)1), where this difference could be small, even vanishing as n — co. In a more robust
version, we require these differences to constitute a positive fraction of the whole population.
To make an exact definition, we need to consider a sequence of graphs whose size tends to
infinity:

Definition 2.2. We say the sequence of graphs (G,, C,) exhibits a strong switchover
phenomenon with seed sizes k,, if there are real numbers § > 0, 0 < 8,(n), B,(n) <1
such that for S,y ~ Uni(V (G,), k,), and S, ¢ ~ Uni(C,, k,) we have

E(GA (S, v)) 2 E(GA(Sp.0)l) + 81V (Gy)l,
but
E(GE(S, 1)) <E(GE(S,.c)) — SIV(G)!

for large enough n.

2.2 | Weak switchover

We start by elementary remarks concerning the cases when 8 — 0 and 8 — 1. It is clear that if
B — 0, then E(IGF(S)I) — 1SI, while if 8 — 1, then E(IG#(S)I) — n for every nonempty set S
and connected G.

Note that in Section 2.2 all the O(-) notations depend on the fixed graph G and thus on n.
For uniform bounds under stronger assumptions see Section 2.3

The case of small § is straightforward, since the seeds and those nodes reached in
one step will dominate. The probability that a particular path of length 2 is retained
in G# is at most B2, so with probability 1 — O(8?), only neighbors of S get infected, and
each such neighbor is infected by only one seed (here O refers to § — 0). Hence for any
subset SC V,

E(GE(S)) = IS + Be(S, V\S) + O(B?). @)

The asymptotics at 8 — 1 is more complicated. Assume that G has the (mild) property that

(*) G has minimum degree d, it is not d-regular and the only edge-cuts in G with at most d
edges are the stars of minimum degree nodes.

Let Y C V be the set of nodes with degree d. Set y = 1 — 3. With probability at least
1 — O(y9*"), at most d edges of G are missing in G¥. By (x), in this case G* is either a connected
spanning subgraph of G, or it has a single isolated node in Y. The probability of the latter event
is y¢ for any given node in Y.

This implies that with probability at least 1 — O(y?+1), for every set S C V, S| > 2, the
infected graph G#(S) will miss at most one node in Y\S. Hence

Eg(IGF(S))) = n — IY\Sly4 + O(y4+). @)

Formulas (1) and (2) imply:
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Theorem 2.3. Let G be a connected graph, and S;, S; C V, 1511 = IS,

(@) If e(S, V\S) > e(S,, V\S,) and B is sufficiently close to 0, then E(IGA(S)I)>
E(GE(S)).

(b) If G has property (x),1SnYl > 1S, NYl, and S is sufficiently close to 1, then
E(GE(S)1) < BE(IGA(S)I).

Coming to random seed sets, it will be easy to derive from (1) and (2) the following.

Theorem 2.4. Let G be a connected graph and 2 <k < r.

(@) If

r—k@(c)>n—k

deg (V),
r—1 n—leg()

then B(IGE(Sc)l) > E(IGE(Sy)!) if B is sufficiently close to 0.
(b) If G has property (x) and

Y nCl 1Yl
< R
r n

s

then B(GE(Sc)l) < E(IGE(Sy)!) if B is sufficiently close to 1.

Remark 2.5. For fixed ¢ and small enough s it is enough to assume deg(C) > deg(V)
for part (a) of Theorem 2.4 as

r—1n-k
1<
r—kn-1

=1+ O(s).

Corollary 2.6. If both conditions (a) and (b) above are satisfied, then G exhibits the weak
switchover phenomenon for seed sets of size k.

Note that both conditions say that C has larger degrees than average.

In conclusion, a weak switchover phenomenon occurs for all graphs under very mild
hypotheses, but for unrealistically extreme values of 3, and leading only to minuscule differ-
ences. Our goal in Section 2.3 is to exhibit a strong switchover with much more reasonable
values of (.

2.3 | Strong switchover
To establish the case of small 3 for strong switchover is similar to the analogous case for weak

switchover: again seeds and their neighbors will play the main role. We have to do more careful
estimates, involving the spectrum of G. Our main tool is the following refined version of (2).
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Lemma 2.7. Let L CV,m = IL|, and let S be a random k-subset of L. Then

E(GES))) = k + k(d—eg(L) - :;__ 11 %e(L, L)),B +R

where
IRl < deg?(V)f%n.
Applying this lemma with L = V and L = C, we will get that for an appropriate 3, seeding
the central region is substantially more dangerous than seeding the whole node set. More

exactly:

Corollary 2.8. Assume that

r= ko) - P Gy 205 0. 3)
r—1 n—1
Let
1 C1
0<p<— S.
A 4 deg?(V) @)
Then

E(GE(Sc)) — E(IGE(Sy)!) > %clﬁsn.

Remark 2.9. Similarly to part (a) of Theorem 2.4 it is enough to ensure that
deg (C) > deg (V) uniformly for (3) when s is small enough.

Ensuring the large 8 case for strong switchover is more involved and requires further
assumptions regarding the graph G. More precisely, we assume edge expansion of the central
region instead of large average degree.

Definition 2.10. We say that a graph G = (V,E) has edge-expansion (a,q) with
somea >0and 0 < g < % if for every set X C V, gn < IX| <n/2, the number of edges
between X and V\X is at least alXl.

Remark 2.11. Note that the parameters a, ¢ might not be optimal. If ¢; <a,, q; <g, and
G has edge-expansion (a, q,), then it is also true that G has edge-expansion (a, gq,).

A very similar property was studied in the context of epidemic spreading in [1] with the notable
difference that we do not assume the expander property on the entire graph, but only on the
central region. The following lemma shows that if the central region has a large enough expansion,
the epidemic will produce more infections from a uniform seeding when § is close to 1.
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Lemma 2.12. Let b be the average degree of nodes of V\C in G, and assume G, has edge
expansion (a, q) with g < 1/3. Then

E(IGF(S»)) — E(IGF(S)1)
(5)

> s(1 - o)1 - p)n — —=
T

qn — (1 + )npr — ne~2ck/3
s

—_pe\4
where p = (—eaqﬁ) ) .

Remark 2.13. When G, has edge expansion (a, qg) witha > b and g = (1 + €)e(1 — B)°
for some € > 0 we end up with 0 <p < 1 resulting in

(1 + )n,or + ne~2k3 = o(n)
c—s

for all fixed 0 < § < 1. Furthermore, as 0 <b < a it is possible to set 0 < § < 1 to a value
for which g < % and

c

sA—)1 - PP > ——( +e)e(d - p) = q.
cC—3S C

-5
thus, there is a § > 0 such that E(IG#(Sy)!) > E(IG?(S¢)!) + on for large enough n.

Our main result concerning strong switchover will easily follow by a combination of
Lemmas 2.7 and 2.12.

Theorem 2.14. Let (G, : m =1, 2,...) be a sequence of such that n,, = |V (G,)| — oo.
Let C,, C V(Gy) so that1Cyl = c,,n,, and let by, denote the average degree in G, of nodes in
V (Gn)\C,, with some uniform bound by, < by,qy.

Assume there is a € > 0 such that:

e <1—cg,

e €58y, <1 — c)em/2,

e Forany 0 < q < %, G [Cn] has edge-expansion (byqx + €, q) when m is large enough.
Also, assume the second moments of the degrees are uniformly bounded.

Then the graph sequence ((Gp, Cp):m =1,2,..) exhibits the strong switchover
phenomenon for seed sizes Sy Ny,.

3 | PROOFS
3.1 | Overview or the proofs

In this section we present the main idea of the proofs.
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For weak switchover we use the fact that for small 8 merely the neighborhood of the seed
gets infected while for large 8 most vertices end up being in that state and the vertices which
are most likely to stay susceptible are the ones with the lowest degree. Therefore, if the central
region has high average degree and the low degree vertices are in the periphery, we expect
switchover to occur.

The small § case of the strong switchover proof is similar to the weak switchover proof,
however, we have to upper-bound the error coming from infections reaching distance 2 or
further. This error can be controlled via the second moment of the average degree as the

number of length 2 paths going through vertex v is (d;v)).

More involved techniques are required for large values of . First, we show that via the
Chernoff-Hoeffding bound that assuming G; = G[C] has a large set expansion for sets of size
gr <1X1 <~ then the largest component HC in the percolated graph G#[C] will have size at
least (1 — g)r with probability exponentially close to 1. (The convergence is faster when g is
closer to 1.) H® is the main contributor for the number of infections when the seeding is from
the central region. However, with large probability at least one seed will be placed there during
the uniform seeding as well, while uniform seeding can also catch vertices which are not on C
and isolated in G? giving it an advantage over the seeding from the central region.

Lastly, in the application of our results on the Chung-Lu graph, we show large set expansion
with high expansion rate a in the unusual setting when we only focus on an o(n) sized subset of
the highest degree nodes—the central region in this model. To our knowledge, this setting has not
been studied before. The proof here, once again, relies on the Chernoff-Hoeffding bound.

3.2 | Weak switchover

We start with a simple identity, which will imply that when choosing a “small” random seed S
compared to V, it becomes unlikely that two vertices in S are adjacent to each other, and hence

E(e(S, V\S)) ~ E(e(S, V)) = kdeg(L).

Lemma 3.1. Let S be a random k-element subset of L. Then

Es(e(S, V\S)) = k(d_eg(L) - :1 - llie(L,L)).

The last (error) term can be estimated as

k-1 le(L,L) < Ed_eg(L).
m-—1m m

Proof.

E(e(S, V\S)) =E(e(S, V)) — E(e(S,S))
k(k —1)
m(m —1)

= Ee(L, V) —
m

e(L L) = k(d_eg(L) _k=1 )

—e(L, L)
m-—1m
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This proves the lemma. O

Proof of Theorem 2.4. We start with the small § case.

E(GE(Sc)D) — E(IGE(Sy)I)
= (E(e(Sc, V\Se)) — E(e(Sy, V\S,)))B + 0(B?).

Due to Lemma 3.1 the leading term can be bounded as

E(e(Sc, V\Sc)) — E(e(Sy, V\Sy))

k(d—egw)— k-1

Lec,0) = degvy + =L L, V))
r—1r n—1n

”_deg(V))>o,
n-—1

k(r () -

making E(IG?(Sy)l) > E(IGF(S¢)!) for sufficiently small S.
Asforsmally=1-f
E(GESY)) — E(IGE(Se)) = (BE(Y\Scl) — E(Y\SyD))y? + O(y4+h)

ol yneny o, _ Y)Y, d+1
_k,(l ICl J (1 |V|)Y+O(y )

Y1 Y nCl
=kl — — d + 0 d+1 ,
v~ g [ TOvT
>0
implying E(IG#(Sy)l) > E(GF(Sc)!) when 8 is close to 1. O
3.3 | Strong switchover
3.3.1 | Lemmas for small

We are going to prove Lemma 2.7 in the following slightly stronger form:

Lemma 3.2. Let L CV,m = ILl|, and let S be a random k-subset of L. Then

E(IGES))) = k + k(d—eg(L) - :;__ 11 %e(L, L)),B +R

where

—%(d—egzm — deg(V))Bn <R <(deg?(V) — deg(V))En.
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Proof. For ease of notation introduce degg(v) := e({v}, S)) representing the number of
neighbors of vertex v € V from S ~ Uni(L, k). For the lower bound on R, it suffices to
count nodes in S and their neighbors:

Es(IGES)) >k + ) (1 -Q- 5)degs<u>)

veN(S)

>k+ Y (ﬁdegs(V) ﬁZ(degS(")]] ©)

veEN(S)

>k + Be(S,V\S) — B2 Y [degS(”)}

vev 2

The probability that the random set S contains two given nodes in L is ek — 11) , hence

m@m—1)
2y E[(degs(v)” _ k=) o (degm]

veV m(m -1 vev 2

g 2, deg(v)(deg(v) — 1) = (degz(V) — deg(V))g*n.

VeV
For the upper bound notice

Es(IGFS)) =k + D, BweGFS)+ D, PBs(ve GAS)).
veN(S) veV\(SUN(S))

Let deg (v) denote the number of neighbors of v V from S in the percolated
graph GP. Clearly, for v € N(S)
Ps(v € GA(S)) < ]Ps(deg ) > o) + IP’S(V € GF(S)ldegf(v) = o)

=1—(1—p)dess® 4 ]P’s(v € GF(S)ldegf(v) = o).
<PBdegs(v)

Let H denote the graph where the edges between v and S are deleted. Since edge
retention happens independently

Ps(v € GA(S)ldegf(v) = o) Ps(v € HA(S)).

We will call a length 2 path vuw proper if v and w has distance two, or in other
words, v, u,w does not form a triangle. A,(G) denotes the event that there is
no proper path starting from v in the percolated graph G which used to be a proper
path in G. (We are not interested in triangles becoming proper paths due to edge
percolation as these “artificial” proper paths do not lead to distance 2 after two steps
in the original graph G.)
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Observe that vertices v € V\(S U N(S)) in graph G at least 2 steps away from
the set S. Since without proper paths one cannot go further than distance 1 from
vertex v

vE VNS UNES)) = B & GF(S)) > P(A(G)).

The argument is similar in the v € N(S) case. Assuming A,(G) we can only reach
vertices that are at distance 1 away from v. On H every edge between S and v are deleted,
hence,

v € N(S) = Bs(v & HA(S)) >P(A,(G)).

Together, they make bound

Es(IGF(S))) <k + Be(S, V\S) + D, (1 — P(A,(G))).

veV\S

Fix v and u. Let &, (1) denote the number of vuw proper paths with some other vertex
w. Clearly, 6,(u) < deg(u) — 1.

Note that two proper paths vuw, vu’'w’ can only share an edge in their vu, vu’'
segment when u = u’, the second segment is always disjoint. (W' = u, u’ = w would
make u, v, w a triangle.) This means any two proper paths are kept independently
when u # u'.

]P’[ U {vuwis a proper path in G and Gﬁ}) =8 (1 - - ﬁ)av(“)),

w:w~u

PAG) =[] [1-8(1-a-p>®)] >1- % B(1-(1-pPw)

u: u~v u: u~v

>1-62 ) 6,w)>1-p% ) (degu) —1),

u: u~v u: u~v

2 A=PAG) <Y, 2 (deg(w) — 1) = )] deg(u)(deg(u) — 1)

veV\S veV u: u~v

= (degX(V) — deg(V)pn.

Note that at step * we used the union bound for independent events. O

Proof of Corollary 2.8. Let R¢, Ry be the remainder terms in Lemma 2.7 when L = C, V.

Since Z:II > ;:]I, (3) implies deg (C) > deg (V). Thus,

IRcl, IRyl < deg?(V)B%n.
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This results in the bound

E(GE(Sc)) — E(GE(Sy))

(dTg(C) k21l co - Ty + S e, V))ﬁk +Re— Ry
r—1r n—1n

n

\%

(ﬂd—eg«:) _n-k d—eg(V)]Bk &g (V)N
r—1 n-—1

1 1
—c1Bk = —c,Bsn.
2 18 2 18

[\

3.3.2 | Lemmas for large

Lemma 3.3. Let G be a graph with n nodes and edge-expansion (a, q), where a > 1 and
q <1/3.Let0 < B < 1, and let H be a largest connected component of Gf. Then

P(HI <1 — g)n) <p",

where

— a\d
p:[—e(l ) ] ™
q

For the bound to be nontrivial, we need that g > e(1 — §)°.
We start with an elementary observation.

Claim 1. 1If the largest connected component of GP has at most n — t nodes, where t <n/3,
then there is a set X C V such that ¢t <1X| <n/2 and no edge of G® connects X and V\X.

Proof of Claim 1. Indeed, let H; be the node set of the largest connected component of
GB. Then|H| <n — t by hypothesis. IfIH| > n/2, then X = V\H satisfies the conditions in
the claim. So suppose that |HI < n/2. If t <I|HI, then H satisfies the conditions in the
claim. So suppose that |IH| < t. Let us add further connected components to H as long
as it remains at most n/2 in cardinality, to get a set X. If IX| >¢ then we are done,
so suppose that IX| < t. Adding any other connected component, we get a set X’ with
X'l >n/2 and X'l < IX| +t. If IX'| <n —t, then V\X’ satisfies the conditions in the
claim. So suppose that X'l > n — t. But thenn — t < IX'I <IX| + t <2t,and sot > n/3,
contrary to the hypothesis. O

Proof of Lemma 3.3. Let z = (1 — B)% For a fixed k-subset X (gn <k <n/2), the
graph G has at least ak edges between X and V\X, and the probability that none of them
is selected is at most (1 — B)% = z. So the probability that there is a set X C V with
gn <1X!1 <n/2 and having no edges between X and V\X is at most

ln/2)
n
2 (k)zk'
k=[qn]
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Let p = z/(1 + z) and let & be a Binom(n, p) distributed random variable. Then, by
the well-known Chernoff-Hoeffding bound,

erj (Z)zk =(1+ )" Lnf (Z)p"(l -p)*k

k=lqnl k=[gn]
q 1 — 1-q|"
O I A
oo
q) Q-]
Here
1-q
S SR PR B E)
a-g' 1-g
hence, by (8) and Claim 1
ez |
P(HI <(1 — @)n) < [_Z) ,
q
proving the lemma. -

Proof of Lemma 2.12. Let H; denote the component of G# with the largest number of
nodes in C, and let H,, ..., H,, be the other components. Let H € be the largest component
in G#(C). There is a component H; of G# such that H® C H;. Since HC C C this makes

IHC <IC N Hil <IC N Hl <IHl.

Let h; = IHjl and ¢; = IC N Hjl. Let p; and g; denote the probability that H; is not
infected by Sy and S¢, respectively. Then

k-1 h:
i=0

n-—i

where the last equality holds whenever hj <n — k + 1; else, p; =0. Similarly,

qulﬁ(l— - )

i=0 r—i1

where again the last equality holds if ¢; <r — k + 1 and 0 otherwise. Then

E(IGP(Sy)) — Es(GP(S)D = Y, b1 — p) — 3 hy(1 — g)
4 P2

.
—

©)

M=

hi(q; - p-

J

1
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The main idea of the proof is that we partition the index set K = {1, ..., m} into four
sets:

Kl = {1}7

K, 2={jEK:hj: 1,Cj:0},

K; = {] € K\K; : ]’lj SC]‘/(C - S)},
K4 = K\(K1 U Kz U K3)

Let Vi = Ujek,H;. Recall G; = G[C] and G, = G\E(G,). We lower bound the sum in
Equation (9) using a different estimate over each set K;. There are two sets where
uniform seeding is more dangerous (K, and K4), one set where the two seedings are
essentially equally dangerous (Kj, the giant component) and one set where the central
seeding is more dangerous (K3), but this set K3 only contains components which have a
relatively large part in C compared to V\C, and since the giant component is quite large
in Gy, the components in K3 cannot have too much weight We make this intuition precise
in the computation below.

First, we fix the percolation G¥, and estimate the expectations over the choice of seed
sets. We start with K;, which only contains the index of the component with the largest
number of nodes in C. This component will have a nonempty intersection with both Sy
and S¢ with high probability. More precisely,

Eg(IVi n GE(Sy)) — Eg(IVi n GF(Sc)) =i (q, — p;) > —hip,

k k
>—h (1 — ﬁ) > —n(l _ ﬁ) > _pe—hk/n,

n n
(10)

Next we consider K,, the index set of those components of Gf that are isolated
nodes of V\C. Clearly ¢, = 1 and p; = Hfz_ol(l - L) =n-k

for j € K;. So

n—j n

Eg(IVs 0 GF(SY) — Bg(Va 0 GFSA)) = Y, hy(q — p) = %'Vz'- (11)

JEK,

For K3 we use the lower bound

Eg(1Vs 0 GE(Sy)) — Bg(Van GE(S)) = ) hi(g—p) > — D, hy

JEK; JEK3

c; 1 (12)
>- > —1—>- IC\Wl.
jex, €— 8 c—s
Finally, if j € K4, then it must satisfy
h; Ci
1-2L<1- 2
n r—k
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which implies that for these components g; > p, and so
Eg(IVs n GE(Sy)I) — Eg(IV3 n GA(Sc)1) > 0. (13)
Summing (10)-(13), we get

Bg(IGF (Sy)1) — Bg(IGB(S¢)l) > —ne="Mlk/n 4 Lo p—
n

IC\VAl. (14)
cC— S

To compute the expectation of this over the percolation, let us denote the degree of the
ith node in V\C by b;. Then by Jensen's inequality (since (1 — )* is convex),

n—r
Eg(Va) = 3, (1 = B 2 (n — (A = )P (15)
i=1
Recall HE being the largest component of G#(C). By applying Lemma 3.3 to Gy,
we have IVl = |Hjl >1HC¢l > (1 — q)r with probability at least 1 — p", where p is defined
by (7). Hence,

E (e—IVIIk/n) <e~(-a)ck 4 o <e~2k/3 4 o
and
E(HC) > — ¢)rP(HI > (1 — @)r) >(1 — @) — p")r

resulting in

E(C\W) < E(C\HC) = r — E(IHC)

(16
<r[l—(1—- g -p)] <qr+ . )
To sum up,

E(GA(Sy)!) — BE(IGA(Se)D)

k3, K k b 1 ’
> —ne 4+ —11—-—|(n-r)1-p) - qr—|n + ol
n 2n c—=s c—=s
> s(1—o)1 - B)bn - ¢ qn — (1 + )npr — ne-2k/3.
c—s c—s

This proves the lemma. O

Proof of Theorem 2.14. We start with the small § case. We need the following fact:

Claim 2. Let H be a graph with N nodes and edge-expansion (a,q) (a >1,0<
q < 1/2). Then the average degree in H is at least ZaZ—:.
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Proof of Claim 2. 'We check this for the case when |V (H)| = 2m + 1 is odd (the even
case is similar). For every m-subset S C V, there are at least am edges between S and

V\S. This gives otm(zmm+ 1) edges. Each edge is counted 2(2’"_1

) times, hence
m—1

(me+1) _ a(2m + 1)m.

[E(H)I >am =
2(2;["_—11) m+1
Thus the average degree is
Tog (H) = AEH) _, m
2m +1 m+1
This proves the claim. O

Consider a graph G, from the given sequence. In the rest of this proof, we omit the
indices m, to make the arguments more readable. The claim above implies that

deg (C) zzar -1 2a,
r+
therefore
r—k—-— n—k—-—— S \5— —
deg(C) — deg(V) ~ (1 - —)deg (C) — (A = s)deg(V)
r—1 n—1 c

z@—gﬁam—@&am+u—ow

sslc(l—c)

=(1_c_§}dTg(C)—(1—c)b >

(-o(5de© -b)2a-o@-b2e

r—k
r—1

n —

= k@(v) >e2—0(1) > lzz =:c; > 0,
n-—1 2

deg(C) -

when n is large enough. This means the conditions of Corollary 2.8 are satisfied when f is
small enough.
The large beta case is an easy consequence of Remark 2.13. O

4 | APPLICATION: CHUNG-LU MODEL WITH
POWER-LAW DEGREE DISTRIBUTION

In this section, we apply Lemma 2.12 to rigorously prove the previous claim of [8], that the
uniform seeding can be more dangerous in random graphs with power-law degree distribution
with exponent 7 € (2, 3) if
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1, 1 o~
;ﬁ‘m < s < fi. (17)

In [8], this claim appears as an if and only if statement, however, in this section we only
address the “if” part. Our proof strategy has already been outlined in a previous paper [9], but
this is the first time when we give a fully rigorous proof.

We start by defining the random graph distribution in the focus of this section, which is one
of the most standard models of networks with a power-law degree distribution.

Definition 4.1. Let us denote by CL(7) the distribution of Chung-Lu random graphs
with exponent T € (2, 3), where the nodes v; € V are indexed from 1 to n, and v; and v

are connected by an edge independently with probability p; = min{%, 1}, where

di= (%) and D = 5}, dy.

Notice that the expected degree of a node with index i in a graph sampled from CL(7) is
d; + o(1). Moreover, for d; to be less than some integer degree d, we need to have i <d-T,

which hints that the exponent of the cumulative degree distribution is expected to be around
1 — 7, and therefore the degree distribution is expected to follow a power-law with exponent
T € (2, 3). The average degree of the distribution is expected to be a constant, because

édk - fln(ﬁ)f‘l‘dx == ;(n — nh) = ©(n). (18)

X T—

Chung-Lu random graphs were introduced in [4], we refer to this paper and follow-up
works for more precise statements on interpreting Definition 4.1. Here, we continue
by stating an elementary result about the edge expansion of Chung-Lu random graphs,
which may have already appeared in the literature in a similar form, but we are not aware
of it.

Lemma 4.2. IfG is sampled from CL(t) with t € (2, 3), and if C is the set of vertices of G
with index i < cn, with % < ¢ < (log(n)) 5=, then G[C] has edge expansion (%c‘ij, O)

asymptotically almost surely.

Before proving Lemma 4.2, let us show how we can apply it to rigorously prove the claim in
Equation (17), at least partially.

Corollary 4.3. Let us consider a sequence of graphs G, sampled from CL(t) with
T € (2,3), and let us define the central region C as the |cn] nodes with the largest
expected degree (i.e., index) in G,. Let us assume that the size of the seed set satisfies
s = 0(c) and ¢ — s = O(c). Under the mild assumption 1 — § = ©(1), if

M L s <K [L]S (19)
n log(n)
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(A) log, (s) 4 (B) log,(s) 4

SN 05
" D i % Lo 7t

FIGURE 1 Phase diagrams for the switchover phenomenon on Chung-Lu random graphs with power-

law degree distribution (z € (2, 3)). (A) With gray we show the region where the central area is more dangerous, as
claimed in [8], and with the dotted pattern we show the region where the central area is more dangerous by Equation
(17), as claimed in [8]. (B) With gray we show the region where the central area is more dangerous by Corollary 4.3.

hold then the uniform seeding creates a larger epidemic than the central seeding (G, has the
weak switchover property) with probability tending to 1 as n — oo.

Notice that with this choice of parameters, the number of seeds is linear only the size of the
central region, but sub-linear in the size of the graph.

As shown in Figure 1, the parameter ranges set by Equation (19) form a subset of the
parameters in Equation (17), therefore, Corollary 4.3 is weaker than the claim in [8]. To generalize
Corollary 4.3 for the remaining parameter ranges, different proof methods are necessary.

Proof of Corollary 4.3. We will use Lemma 2.12 for Chung-Lu random graphs with

_sc=90 -0 -p)

= 20
> (20)
For Lemma 2.12 to be applicable, we need to make sure that for our choice
-1 -0 -p)P
g= 2B (14 e - e, )

2c

and for Equation (5) to imply that the uniform seeding can be more dangerous, we need that
1 b ¢ —2ck/3
Es(l—c)(l—ﬁ) > 1+ o+ e, (22)
c—s

keeping in mind that ¢ and s are not constants anymore. Condition q < % is trivially
satisfied for large enough n as g = O(s).

Recall, that we chose s = ©(c) and ¢ — s = ©(c). Notice that we can apply Lemma 4.2,
because the condition % R < (log(n))‘% holds by (19). Then, since we also know
b = ©(1) by Equation (18), we can show that Equation (21) holds if

log(c) > log(1 — B)c‘%,
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which is implied by Equation (19) as

3-17
-1
log(1 — 6)0‘3—;; < —,6c‘3—;§ =— f_l (2) — log(n)
B3—
= 210g(i) < log(c).
Jn

Similarly, Equation (22) holds if
o+ e 2k/3 <« .
By Equation (18) and substituting the definition of p from Equation (7), we get
1+ &) 9 + e 2 <5,
which must hold because Equation (19) implies
19)
O(gr) = B(ck) = 0(s%n) > log(n).

Therefore, Lemma 4.2 implies that for these parameter ranges, the uniform seeding
can be more dangerous, and weak switchover occurs. O

We conclude the section by providing the proof of Lemma 4.2.

Proof of Lemma 4.2. For S C V with ISI <ICl/2, let X5 be the number of edges between
S and C\S. In the first part of the proof, we show that E(Xy) > %c‘%ISI for every S, and
in the second part we prove that the variables Xg are all well-concentrated around their
expectation.

Note that since we assumed ¢ > %, and since we know D = ©(n), we have that

min {dfm b D} = d2,, > c~+1. Then, we compute the expectation of X as

~ (did; d.d; @l on
B3 3 min{%hij-3 3 4y 3 o
ieS ieC\S ieS ieC\S ieS ieC\S
_ Isi< /¢t _
> ST =18 2, Biz5 n 3=
D 2D

Next, we use the union bound, and well-known multiplicative Chernoff bounds on
binomial random variables, to prove that the random variables X are concentrated
around their expectation. We bound
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P(as cGC ISl < gwithXS < lE(Xs)) < ) ]P’(XS < lE(Xs))
2 2 &L 2
\S|g%

_1
Z e~ gEXs)
sccC

e}
ISI< >

IA

_n 3=t
Z e 16Dc T 1\S|.
sccC

e}
ISI< 5

Setn = éc‘%. Let us change the indexing of the sum to the size of the set S, and
apply a standard upper bound on binomial coefficients to obtain

Len) Len) Len]
2

2 k 2
3 oensi= B (Lan)e"?k <> (%) e < 3 (cnel ™Mk
Sc‘(é‘ k=1 k k=1 k k=1

Isi<ict

Notice that we have arrived at a geometric series with a common ratio cne! =%, which
tends to zero as long asn = %c‘% > log(n); an asymptotic inequality that holds by the

assumption ¢ < (log(n))‘gj . Therefore, we arrived to the equation
C . n _3-t
IP’(EIS Cc C, ISl < —with Xg < —c 1—1ISI) - 0,
2 4D

which completes the proof of the lemma. O

5 | CONCLUDING REMARKS

In this paper, we gave the first fully rigorous proofs of the switchover phenomenon,
introduced in [8], for general classes of graphs. We showed that weak switchover exists
under mild conditions on the graph, and we also showed sufficient conditions for strong
switchover.

One limitation of the current paper is that, in the case of the strong switchover, the size of
the seed set was assumed to be fairly large, of size Q(n). Although for the Chung-Lu model in
Section 4 we did study smaller seed sets, and we did use the machinery of the strong switchover
proofs, we were only able to show the existence of the weak switchover phenomenon. This
agrees with the simulations and heuristic derivations of the previous work [8], which also
claimed that Chung-Lu models exhibit weak switchover, but not strong switchover. However,
Odor et al. [8] also showed that the strong switchover phenomenon occurs with much smaller
seed sets on geometric graphs, notably on the commuting network of Hungary constructed
from real data, and also random graph models with an underlying geometry. Unfortunately,
our current results do not say much about such geometric graphs.

As in this paper, proving the existence of strong switchover with small seed sets would boil
down to the distribution of component sizes in the percolated graph G#. However, contrary to
this paper, we need the existence of at least medium size components also in the periphery,
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because if most of the peripheral nodes in Gf are contained in bounded-size components, then
we need Q(n) seeds to have strong switchover (even to have an epidemic of size Q(n)). Finding
appropriate conditions for such medium size components in the periphery which could lead
to the existence of strong switchover with small seed sets (say, of size </ or even log n) is an
interesting future direction.
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