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Abstract: In this paper we investigate via the shooting method the existence of
homoclinic solutions of a fourth-order differential equation arising in the theory of water
waves.

1 — Introduction

In this paper we investigate the existence of homoclinic solutions of the equa-
tion

(1.1) yu = u”+p(2uu”+(u')2) +u—1u?, >0,
i.e., classical solutions u = u(z) of (1.1), defined on R, which satisfy the condition
(1.2) (u, o, u",u") (z) — (1,0,0,0) as z — oo .

Equations of the form (1.1) or

(1.3 mov' ="+ u1(2 vu" + (U")z) —y=—12,
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appear in the theory of water waves. For instance, the ordinary differential equa-

tion
2

15
was derived by Craig and Groves [CG]|, when looking for travelling wave solutions
u = u(z — at) of the extended fifth-order KdV equation

2

1
Ut = — Uggzer — DUgzs +3u+ | = (ux)2 + (uug)z | =0,
15 2 x

uV— bu" +au+ g u? + p(% (') + (uu')") =0

which describes gravity water waves on a surface with finite depth (see [CG],
[ChG], [GMYK], [P]). Our work is inspired by the paper of Peletier, Rotariu—
Bruma and Troy [PBT], and Peletier and Troy [PT] where homoclinic solutions
are studied for the stationary extended Fisher—-Kolmogorov equation

yul’ = o+ f(w), >0,

by the shooting method. It is mentioned in [PBT] that this method can be
applied to equations of the form (1.3). Note that, under the change u(z) =

1+ v(z/v/1+2p), (1.1) becomes

g iv " H " 12 2
M ST | S 2 s L
(1+2”)2v v+1+2#(vv+v) v—v°,
which is of the form (1.3) with
(1+42u)? 14+2p

Since (1.1) is invariant to the change of u(z) with u(—x) we are looking for
even solutions on R and consider (1.1) on R* = {z € R: z > 0}, requiring that
u'(0) = u”/(0) = 0. Our main results concerning even homoclinic solutions of (1.1)
are as follows:

Theorem 1. Let 0 <y < (1+2p)%/4 if —1/2<pu<1/2 or 0 <~y < 2p if
p>1/2. Then (1.1) has an even homoclinic solution u = u(z) which satisfies
~1/2<u(z) <1 forall ze R, u(0)<0 and ¥ (z)>0 forall z>0.
The upper bound u(0) < 0 in Theorem 1 can be improved. Let m(vy, p) be
the greatest negative zero of the polynomial
P3(s) = 84®s3 + (4p® +8pu—127) s + 2(1+2u)s + 1,

which exists since P3(—o00) = —o0 and P3(0) = 1.
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Theorem 2. Let v and pu be as in Theorem 1. Suppose that u = u(x) is
an even, nonconstant homoclinic solution of (1.1) for which u(z) <1, x € R and
u”(0) > 0. Then u(0) < m(vy, ).

The paper is organized as follows. In Section 2, the shooting method for (1.1)
is developed and Theorem 1 is proved. In Section 3, Theorem 2 is proved.

2 — Proof of Theorem 1 via the shooting method

In this section we prove the existence of a homoclinic solution of the equation
{21) yul¥ = o’ + ,u(Z wu” + (u')z) + u—u?
converging to the steady state u =1 as £ — fo00. More precisely, we require that
(2.2) (u, v, u",v")(z) — (1,0,0,0) as z— +oo.

We use the shooting method to study the solutions of the initial value problem
yul’ = u" + ,L::(Quu” -+ (u")Q) + u—u?,
(u, v, o, 4")(0) = (a,0,5,0) .

(P):

We will seek for a solution of (P) which is increasing on R* and require 3 > 0.
Let f(s) = s — 5% and

1
F(s) =/f(t)dt = %(1—3)2 (14 2s) .

We have F(s) >0 iff s > —1/2.
Equation (2.1) has a prime integral (conservation law). Indeed, if we multiply
(2.1) by 2u’ and integrate over ]— oo, z[ and use (2.2) we obtain

(23) E(u) g ) 'yu’u'"— ’Y’-'.an oo ur2 s Qﬁuu!‘Z g ZF(u) =0 :

which is known as the conservation law.
We choose z =0 in (2.3) and a in the interval I:=]—1/2,1[ and obtain

v3? =2F(a). So
2
B=PBe) = w;F(Q) ‘
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Problem (P) has a unique local solution u = u(z, ). If a € I, then B(a) > 0
and ¥/(z,a) > 0 in a right neighborhood of 0. Then, the number

(2.4) Ela) = sup{x >0: u'(t,e) >0, te]0, :1:[}

is well defined for any a € I.

Lemma 3. Let v > 0. We have:

(a) &(a) >0 as a— —1/2%,

(b) u(é(a),a) - —1/2 as a——1/2%.

Proof:

(a) Let @« = —1/2. Then

u(0) =-1/2, 4'(0)=4"(0)=4"(0)=0
and , 1
yu''(0) = —1< 0.

Therefore, there exists an € > 0 such that

u(x,—1/2) < -1/2, u®(z,-1/2)<0, k=1,2,3, Vze€]0,e].

Let a > —1/2. By the continuous dependence of the solution u(z,a) on a,
there exists a ¢ € ]0,3/2[ such that

u(e,0) < —-1/2, —-1/2<a<-1/2+34.
Since
u(0,@) =a>-1/2, 4'(0,e)=0, B=4"(0,a)>0,
if —1/2 <a <-1/2+ 4, it follows that
0<f(a)<e, =12<a<-1/2+6.
Taking ¢ arbitrarily small, we concllude that
£(a) -0 as a— —1/27.

(b) By the continuous dependence of the solution u(z, &) on a, we have that

u(z,a) — u(z,—1/2) as a — —1/2%. Since u(z, ) is uniformly continuous on

compact intervals, it follows from (a) that u(£(a),a) — u(0,—1/2) = —1/2 as
a— —1/27. »
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Define the shooting set

S = {a >—1/2: 0<é(@) <oo, u(é(a),a)<1, VQE}—%;EE[}.

Lemma 4. If 0 <y < W, then

(a) v(¢(a),a) =0 forall a €S,
(b) £ € CYS),

(c) S is an open set. ®

The proof follows exactly the same arguments as those of Lemma 2.2 in [PBT].
For the next step we need the following technical

Lemma 5. Let u € C%([0,a]) and suppose that
w(0)=0, u(0)>0, u'(z)>0, z€l0,q],
and u" is a nondecreasing function. Then
(2.5) u'?(z) < 2u(x)u’(z), =z €][0,q].
Proof: We know several different proofs, but we prefer the shortest one which

is due to Balazs Komuves. From u/(0) = 0, u”(z) > 0 it follows that u’(z) > 0

in [0,a]. Therefore,
T

/@M}mmgﬂﬂﬁzﬂ,
0
which gives (2.5). n
Now we can prove

Lemma 6. Let a*=supS. Then —1/2 < o* < 0.

Proof: It is enough to prove that for o =0

u’(z) >0, v'(z)>0 aslongas u(z)<1.
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Case 1. p> 0.

By (2.1)
yul¥(0) = u"(0) = B = 1}—F —>U

Then, there exists an £ >0 such that u¥(z) >0,z € ]0 s[ Since u(0) = v/(0) =
4" (0) = 0, this implies that «(*)(z) >0, k 0,1,2,3,4, in a right-neighborhood
of £ = 0. Then, by (2.1)

(2.6) yu = 1+ 2pu)u’ + pu'?+u—u? > 0,

and
u>0, >0, «>0, >0, «>0

as long as u < 1. Thus, u®(z) >0, £ =0,1,2,3,4, as long as u < 1.
Case 2. p€]-1,0[.
As in Case 1, there exists an € > 0 such that
u(2) >0, u"(z)>0, uY(z)>0, z€]0,¢.

Claim. u"(z) > 0 provided that 0 < u(z) < 1 and u/(z) > 0.

Suppose the contrary, that there exists zg > €, u(zg) € [0, 1[, «"/(z¢) = 0 and
g is the smallest number with these properties. By (2.3)

(2.7) 2F(u) = yu"? + u'? 4+ 2puu’?  if z=1x0.

Since ¥ > 0, 4 > —% and 1> 1— u(zg) > 0 we obtain by (2.7) that

(2.8) (1= u(zo)) (1+2u(z0)) > w?(zo) -

Il =

We have by (2.1)
(2.9) yu'V = (14 2pw)u” 4+ pu'? +u(l—u) > (1—u) (u+u") - %u’z :
Suppose that ug = u(zg) > %. Then, by (2.8) and (2.9),
i 1 1
(2.10) ~u'Y(zg) > (l—uo)u@—g (1—wo) (14+2up) = 8 (1—up) (4up—1) > 0.

Since ' (z) > 0 for all z €]0, zo|, it is impossible to have u"(zq) = 0, because
by (2.10) u"”(x) is increasing in a neighborhood of zo.
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Suppose now that ug € |0, (. By (2.8)

1 1
u'z(ﬂ:g) £ § (1"— ug) < “2‘
and by (2.9) and Lemma 5:
. 1
yu'¥(zo) > (1— up) (Ug -+ u”(a:g)) N u'?(zg)

1
uou’(z0) — 3 u'?(o)

v

> o |u(a0)] ~ 50
> %lu'(mo)‘ (5—5 - ‘u’(mg)l) > 4.

As before, it is impossible to have u"(zo) =0, and then u"(z) > 0 as long as
0<u<1. Thus we have v’ >0, u” >0, as long as 0 <u <1, which proves the
lemma. =

Below we also need the Maximum principle and so called Boundary Point
Lemma [PW, p. 7] which we summarize as:

Proposition 7. Suppose that u € C2(]a,b[)NC([a,d]) is a nonconstant solu-
tion of differential inequality u”(z) — cu(z) > 0, z € ]a,b[, ¢>0. Then u(z) <0,
Va € Ja,b[. If u has a nonnegative maximum at a, then u'(a) <0. If u has a
nonnegative maximum at b, then u/(b) > 0.

We assume p # 0 in further considerations, because the case p =0 is consid-
ered in [PBT).

Lemma 8. Let p> —3% and 0<')r§£~———L1+2”2 if p<iand 0<y<2uif
2 1 2 e
p> % Then

£(a*) =400 and u(z,a®)—1 as z— +o0.

Proof: Suppose for contradiction that &*:= limsup {£(): o — a*} < +oo
and let {oj} C S be a sequence such that a; — o* and {(a;) — £* as j — +o0.
We have that

u(g(aj)saj) e ’U.((f*, O"*) and u;(é‘(aj)}aj) = ur(g*’ O:*) as .? et e < I

by the continuous dependence of solutions on z and « on finite intervals.
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Claim 1. We have
(211 alffel =1 and St e\l =0.

The second assertion follows by ' (E(aj),aj) =0 by passing to limit as
j — +o0. As for the first assertion, if u({* a*) > 1 for a j sufficiently large,
u(&(aj), @;) > 1 which is impossible because a; € S. If u(£*,a*) < 1 by continu-
ity u(€* a) <1 in a neighborhood of a* which contradicts the fact that o* is the
supremum of S. Thus, u(£*, a*) =1 and (2.11) is proved.

Claim 2. £*=§£(a*) = +o0.
To show that £* < co leads to a contradiction, we use Proposition 7. We set
u = 1— v and rewrite (2.1) as

(2.12) ol — (1+2,u(1— v)) o +v = v — ',

Case 1. u> 0.
Let py = —firv + p10 and pg = pgg where

14+ 2u+ VA
27 :
A=(1+2u)?—-47v>0,

_1+2u—-vVA

20 2+

Hio =

are the roots of the equation 722 — (14+2u) 2+ 1 = 0, which are real and positive
2
if 4> —% and 0 <y < %. Equation (2.12) can be rewritten as the system

Vi—pmv = w,

S1): |
( 1) u'n_#2w = EU;‘?_"_( ;U’)U'QD)UQ'
i/ ¥

We have
m:—%v-’rmg)o, if zel0,&%]
and
1 — ppoo > )1

Indeed, since u € |- %, 1], v € [0, %[, we obtain that

1+ 2 1+2u)2 -4 3
Hio = i “_1_\/( s H) 722E>—E>&U>0
2y Bapaohy

-2
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and
p1 = ﬂlo—E’U o
oy

because

14+2p+/(14+2u)2 -4y > 4p <= J(1+2p)2 -4y >2pu—1.

The last inequality holds if either p €0, 3] and 0 <~ < % or > % and

2
0 < v < 2u. Note that in the last case it follows that v < % Since p19 >0

the inequality 1— g pop > 0 is equivalent to

I I4+2pu+/(1+2p)%2 — 4y
— = Mo 20 < B = \/;’Y ) ;

~
which is satisfied because u > 0.
Now, we can apply Proposition 7 to system (S;). We have for z € [0, &*|
1-— 20 -
H v!? § H 20 UE
A W

140 |

and
w(0) = —u"(0) — p1(0) (1 - )
- —ﬁ— (#'10_%(1“0*)) (1“05*) <0 s

gt (E") = BL(E)0(&) =gt} =0y

since 1—a* >0 and u"?(¢*) = 2F (u(¢*)) = 2F(1) = 0.

Then, by Proposition 7 it follows that w(z) <0, z €]0,£*[. Hence, again by
Proposition 7, applied to the first equation of (S;) and v(0) =1—a* >0, v({*) =0
we obtain that v'(¢*) < 0. Then u/(£*) = —v/(£*) > 0, which contradicts '(£*) = 0.

Thus £* cannot be finite, so £* = 4co.

Case 2. pe]—30[.

In this case, (2.12) is equivalent to the system

o= = w,

S9): 1
(S2) W — ppw = _((1_2’“}&10),{)2 _MU;Q)}
2
where 11 = p1o and !LQZ_ZAT#U‘i‘MzO;
14244 VA ipith i ,
T T “20:’;—7, A=(1+2p)°~-4720,
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are the roots of the equation v2% — (14 2u) 2+ 1 = 0, which are real and positive
2
if > +% and 0 <y < (—I—Jf%i‘)—. Next, we have

2 3
1= p10 >0, pg:—§v+uzg>0, if .T:E[O}g*]

and
1—2pp10>0.

Moreover,

w(0) = = —pwo(l—a*) <0,
w(€*) = v"(€") — pov(€*) =0,

by v(€") =1-u(€*) =0 and w"2(6") = 2F(u(€")) = 2F(1) =0, v"(€") = —u"(€").

Then, by Proposition 7 applied to the second equation of (Ss), it follows that
w(z) < 0, z € ]0,£*[. Again by Proposition 7, applied to the first equation of (S3),
and v(0) =1— a* > 0, v(£*) = 0, we obtain that v'(£*) < 0. Thus u/(£*) = —/(£¥)
> 0, which contradicts «/(£*) =0. So, £* = +oc0 in the second case as well, which
proves Claim 2.

Claim 3. We have u(z,a*) — 1 as x — +o0.

There exists the limit [ =1limg_, 4o u(z,0*) <1 by u(z,a*) <1 and u/(z,a*) > 0.
We will prove that the cases (i) I <0 and (ii) 0<!<1 are impossible, so [ =1.

Case (i.1) 1<0, pe]—1,0[

For brevity, by u(z) or u we mean u(z,a*). We have
pu'?(x) <0, u(z)<l<0, 1+2pu(z)>1, 4"(0)>0

and there exists a sequence &, — +oo such that u”(£,) — 0 as n — +o00. Suppose
that u”(&,) > 0 for infinitely many &,. Then, by Proposition 7, applied to v = u”
in

yul’— (14 2pu)u” = pu'?+u—-u? <0, 4"(0)>0, u'(&)>0,

we obtain that u”(z) > 0, z € R*. Suppose now, by contradiction, that there
exists an 7 > 0 such that «”(n) =0, v"(z) <0, z >n and v”’(z) — 0 as z — +oo.
Then u”(z) has a minimum point & in |17, 00) in which u”(¢o) < 0, u'¥ (&) >0 and
hence yu'(&) — (1+ 2 pu(fo)) v’ (o) > yu'(&) >0, which is a contradiction.
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So, we have u”(z) >0, z € Rt and then u(z) > u(&,) +u/(&) (z — &,) which
implies that u(z) — 400 as  — +o00, a contradiction.

Case (i.2) 1 <0, p>0.
We obtain integrating (2.1) from 0 to =

gl Fot y —pu'? T At ]
) T S i /G (~ma(e) +ult) —w2(t))
Denote
r1(z) = —pu'(z) +uz) —u?(z) < 0, r(z) :=/ r1(t) dt .
0

We have integrating (2.13) from 0 to z

x

Yo' (z) — 7 (0) — u(x) — pu(z) + u(0) + pu(0) = /[; r(t) dt .

Hence,
(2.14) yu'(z) = vu"(0) — o* — pa*? + u(z) + pu?(z) —i—/ r(t) dt .
0

Since r is negative and strictly decreasing on R*, [ r(t)dt — —o0 as z — +c0
and because [ < 0, the right hand side of (2.14) tends to —oo as z — +oco. This
contradicts the existence of the sequence &, — +oo such that u”(§,) — 0 as
n — +00.

Case (ii.1) 0<l<1, pe]-1,0[

In this case r1(z) = —pu'2(z) + u(x) — u?(z) > C > 0 for sufficiently large ,
and
T 2

r(z) =/r1(t)dt > Cz—Ch, /r(t) dt > C5 - Ciz.
0 0

Then, by (2.14)
2

yu'(z) > C% - Ciz—Cy,

so limg_, 1o u”(x) = +00, which as before leads to a contradiction.

Case (ii.2) 0<i<1, pu>0.

We will show that limg 4o %/(z) =0, which gives ri(z) = —pu'?(z) +
u(z) — u?(z) > C > 0 for sufficiently large z, and we can proceed as in previ-
ous case. We will prove that «”(z) < 0 for sufficiently large z. Then, the asser-
tion limg_. 4 u/(z) = 0 follows from the fact that there exists a sequence (1 )z :
e — 400, u'(ng) — 0.
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By (2.1)
yu'v — (1+2pu)u” = pu'? +u—u? >0

for sufficiently large z, because u(z) —1€1]0,1[ as z — 400 and I—12 > 0.
Suppose that u” oscillates and has infinitely many zeros tending to 4+oo. Let
m and 72 be two subsequent zeros. Since 142 pu(z) > 0 for sufficiently large z,
by Proposition 7 it follows that u”(x) <0, @ € |1, m2[. Then, either u”(z) < 0
or u"(z) > 0 for sufficiently large z. If u”(z) > 0, > R, by u/(z) > 0 we get a
contradiction with u(x) <!, > R. Thus there exists R > 0, v”(z) <0, z > R.

Therefore, the only possible case is [ = 1, which proves Claim 3 and ends the
proof of Lemma 8. &

Proof of Theorem 1: We will prove that the solution u(z) = u(zx,a*),
constructed in Lemma 8 satisfies as well

(v, v, u")(z) = (0,0,0) as z — 400 .

Case 1. > 0.

By Claim 3 in the proof of Lemma 8, there exists R > 0 such that u”(z) < 0,
Vz > R and therefore lim,_, o u'(z) = 0.
Then, by differentiation of yu™ — (1+ 2pu)u” = pu'? + u — u?, we have

yu'— (14 2pu)u” = v'(1-2u+4puu”) < 0

for x > Ry > R, where R; is sufficiently large. By Proposition 7, as in Claim 3,
u"(z) is either positive or negative for large x. In fact, the case u”(z) <0
is impossible because then v”(z) < 0 and u”(x) is decreasing then there is no
sequence &, — +00 such that u”(£,) — 0 as n — +o00. Thus u"(z) > 0 and hence
u” () is an increasing function and by u”(£,) — 0 as n — +oo it follows u”(z) — 0
as © — 4o00. Then, by (2.1) we infer u'V(z) — 0 as z — +o0. As for u”, by
Taylor’s formula '

2

() = Wz +h) ~ (@) - (e, geloothl,

for a fixed h, letting * — +o0, we obtain that u"(z) — 0 as well.

Case 2. p€]—1,0
Since ri(z) = —pu'?(z) + u(z) — u?(z) >0 for large z, r(z) =[5 ri(t)dt
is strictly increasing for large z. There exists a sequence &, — +oo such that
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u"(&n) — 0 as n — +o00 and by

v () = 74"(0) = u(e) —ﬂu()+M®+ufW)=Aimdt

for z = &,, it follows that

E'l
lim / r(t) dt < +oo.
0

n—00

Since r(x) is an increasing function, the integral [J°r(t)dt is convergent, and
then lim,_,o u"(z) exists and lim; .o u”(z) = 0 since u”(&,) — 0. By Taylor’s
formula and limg,_.u(z) =1 it follows limz_u'(z) =0, and as in Case 1
limg o0 u™V(z) = limz .0 u”(z) = 0, which ends the proof of Theorem 1.

3 — Proof of Theorem 2

Let 72 %
5 6s
his; ib) i= ( )2 = . :
(T+2usPF(s) | (1+2ns) (1+29)
and for v > 0, let m(~, ;) be the greatest negative root of the equation
L = L s > l
(1+2us8)2(1+2s) 27’ 2

or the greatest negative zero of the polynomial

P3(s) == 81283 +4(u®+2u— 39)s? +2(21 +1)s+1.

Lemma 9. We have:

(a) mity, ) = inf{30< 0: h(s,p) < %, 30<3<0}.

b) m(%u)*’—-— as 7_}04_ jfﬂE]_— 1] and m('v p‘.)—)—?_lu—i_ as »}:_;O‘i‘
= 1
1 1 3 :
2 rh_%11+;(rn(’) Bk 2) 2(1—p)2’ pe]-391[;
113 3

70

li — —_— fh
1111+_( (m(y 0 + 7 w >
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Proof:

Claim. The function h(s, ) is decreasing in s for p€]—3,1], s€]—1,0]
and for > 1, s € |- ﬁ,O[.

Indeed, by
12s (s +1—2ps?)
(1+2us)3(1+25)2°

Rile ) =

it follows that hi(s,u) < 0 if either p€]—3,0[, s€]—3,0[ or u>1, s€]- A—l;;(][
Note that, the factor s+1—2pus? is positive if s € ]ﬁ(l—m% ﬁ(l-i— VIF8u)|
and ﬁ(l— VIF8u)<—1, —ﬁ <—1for 0<pu< 1. Hence h,(s, ) <0 if pe]0,1],
s€]—1,0]

Some graphs of functions h(s, x) are presented on Figure 1.

Obviously, (a) follows from the Claim. To prove (b) and (c) we consider the
cases (1 €]—3,1] and p > 1.

1
s>—2i, ue(-0.5,1) e Ll !
140 140
120 120
66 100
60 60
40 40
20 20
T T R e e T B T T S R =
652

Figure 1 — Graphs of functions h(s,u) = A+ 2as)2(1+29)

Left: p=-04+(k—-1)0.2, k=1,...,7, —%<S<0;
Right: u=1,...,7, —ﬁ<s<0‘

Case 1. p€|]-3,1].

0, s —0",
h(s. ) — A

‘We have

+o00, §——3

By the Claim, for every € € )0, [ there exists a number M, > 0 such that
h(—% +e, 1) =M, and h(s,p) <M if s€]— % +¢,0[. Moreover M, — oo as € — 0.
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Then h(s,u)<% if SE]—%+E,U[ and 0<~vy< ﬁ Hence m(y,p)—»—{r as

v — 0.

We have
. 1 : . 32 3
3_1)1£n%+(s+§) h(s, p) —S_lfin%Jr (1+2ps)2 ~ 4(1—p)?
and thus
lim | m( )-i—l h(m( ) )— lim (m( )+_1. _1_. - __3_ i
i A mlv) 5 Sallitt) R AN S Vs T T
= limlm( )—I—1 L
mor g\ Y ) = a— e
If u =1, a direct calculation shows that
. I 3
Jm(v+3) Mo = 55
and then
tim (m(y,1) + & Sh(m( 1),1) = lim (m(y,1) + = . A et
P h VRO ST T e < 16

Case 2. pu> 1.

We have
0, s — 07
h(s, ) —

£08y" Bt o

and by the Claim, for every ¢ € |0, ﬁ[ there exists a number M, > 0 such that
h(—ﬁ +e,u) =M, and h(s,pu) <M if se]— ﬁ +¢,0[. Moreover M. — oo as
e—0. Thenh(s,p)<% if s E]—zipL +¢,0[ and 0<7<ﬁ. Hence m('y,g)—>—$+
as v — 01 and as before we obtain

lim l(m( )—i——l—-)2 k. B
oo\ "R T 2 4pd(p—1)
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Remark. Let u, be a family of even homoclinic solutions of (2.1). It follows
from Theorem 2 and Lemma 9 that

1 3
— fi -1
2—1-2(1_“”)2 oy weEl—2. 1],
3.\ 1/3
u(0) ~ —% + (g) for p=1,
i 3+ 1/2
et e A f A ]. F
o (4#3(#—1)) plats
asy— 0t. o
Define
Z1(0) = Sup{:s > 00 atedeg] T E [03:1:[}
and

A = {& <1: u"(z,0) >0 on ]0,z1()[ forall a<a< 1} :
By the proof of Lemma 6 if (0) = 0 for 1 > —1, then
(3.1) >0, v'>0, u">0 aslongas u<1.

The same arguments work for a € [0,1[ and (3.1) holds. Then A is well defined
and [0,1[C A. Tt follows by continuity that A is an open set. Let a, := inf A.
It is clear that A = ]a,, 1[. Let u(z, ) be a solution of problem (2.1), (2.2), which
is bounded above by u = 1. Because u"(z,a) >0 on ]0,z;(a)[ for any o € A it
is clear that u(z,) can not be bounded above by u =1 if a € A. Therefore
ap < a.. We will prove that

Qi < m('y,,u) *

Assume on the contrary that a, > m(vy, u). We have

Claim 1. zi(ay) < 0o and u"(z,.) > 0 for all z € |0, z1 (o).

Let {a;} C A be a decreasing sequence such that o;; — a,. Then, by the con-
tinuous dependence on the initial data, u®)(z,a;) — u®¥)(z,a.), k=0,1,2,3.
Hence

w'(z,00) 20 forall z, 0<z<zi(on) =21,

and
w (ol 200 =0) >0 ‘forall ‘2. 0= <,
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which implies that z; < oo and

v (z1(a),a) >0 forall a€ [as,l].n

Claim 2. zi(a) < oo for all a € [ay, 1] and there exists T € |0,z (au)|:

Z, o) =0,

u.’ﬂ(

Suppose that u"'(z,a,) >0 for all z, 0<z <zi(as). By continuity, there
exists a sufficiently small § > 0 such that «"/(z,a) > 0 for all a € |a,— §, a.[.
This is a consequence of the following facts. Observe that u"/(0,c,) =0 and
u¥(0,c,) > 0 by (2.1). At the other end point 1= z1(c) of the interval [0, z1(av)]
we have u"”'(z1,a,) > 0. In fact, we have u"”'(z1,a.) > 0. Indeed, if x> 0, by
(2.0),

yulv = 14+ 2pu)u” +pu'2 >0 at z=uzx,

because u(z1,a4) =1, 14+ 2 pu(zy, ) = 1424 > 0, v”(z1, ) > 0 by Claim 1.
Hence uw!V(z1,a.) > 0. If v (21, ) =0, then ©”< 0 in a left neighborhood of z;
which contradicts Claim 1. If € ] — £,0[, by the conservation law (2.3) we have

'yu”2+(l+2p:u)u'2:0 at z=1x1,

because u(z1,04) =1, u”(z1,:)=0 and 1+ 2u>0. Then (/,u",uv")(z1) =0,
which by uniqueness property implies that « = 1, which is a contradiction. Hence
u"'(z1,04) > 0. So v"(z,a) >0 for all @ € Ja.— 4, a.[ and for all z, 0 < z < z1(a),
but this contradicts the definition of a, = inf A. Thus, there exists Z € |0, z1 ()|
such that " (Z,c.) = 0. u

Now, we will prove that the assertion of Claim 2, that the function v"(z, a.)
vanishes at an interior point of the interval [0,z (a)] is impossible. Define the
function

" (

u"(z,)

(3.2) H(z,a) := 27 —1-2pu(z,a) .

u'(z, a)
By I'Hopital’s rule it follows that
It
TG
z—0+  U/(z,a)
wV(z, o)

= lim v ———
20+ ' u(z, o)

= lim « ((l +2u u(a:,cr)) u'(z,0) + u(z,0) — ui(z,0) + p u”g(a:,a))

z—0t  u'(z,a)

= %((1+2u&)ﬁ+0ﬁ—“2)7
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and
H(0,a) = 2(1+ 2,(;,(1:)—1-%(&—&2)—1—2,{;&

2
=1+ Zpa—l—g(a—o_p)

237 a
= 142pa0+ —m— .
" V1i+2a
By the assumption a., > m(~, 1) and Lemma 9 it follows that
6 a2 1
i = — UL
Ir(05:1"-"') (1+2ua)2(1+2a) < 27: C}.‘E]Q’, [
Hence g o]
V37 |o
142 > —, Eila 1] -
R S A0 ]

If |u| <3, by a€]—21,1 we have 1+2ua>0. If x>1 and afe]—i,l[,
m(7y, 1) > —ﬁ and if 0 < p <1, m(y,u) > ——% > —ﬁ. So

a*zm(%u)>ma)<{—%>—$}, p>0,
and
(3:3) 1#2a, >0 and, Lk 2ua0, w0
Hence
1+2pa>0 forall a€ o1 and ,u>—%, ##£0,
and

H(,a) >0, &€ [, 1] -

Claim 3. H(z,a) >0 for all z € [0,z1(a)[ and « € [0,1].
By the proof of Lemma 6, if u(0) =« > 0 and p > —%, w# 0, it follows

I

>0, v">0, v">0 aslongas u<l.
By (2.1),

WH) = 294" — 1+ 2pu)u” — 2pu'?
= (1+2pu)u” +2(u—-u?) > 0,
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because u(z) >u(0)=a € [0,1), 1+ 2pu > 1—u >0, u—u? and uv” > 0. Hence
W (z,0) H(z,a) > u/'(0,a) H0,a) > 0 for all z€[0,z1(a)[ and a€[0,1].

Since u/(z,a) > 0, we have H(z,a) >0 for all z € [0,z1()) and a € [0,1]. =

Claim 4. H(;rl(a), Of) >0 for all @ € [0, 1].

If o € Jas, 1], then @ € A and v"(z,a) >0, Vz €]0,z1(a)[, so u'(z,a) >0
and ¥/(z,a) >0 Vz €]0,z1(e)]. If @ =a,, by Claim 1, u"”(z,a,) >0 and
u'(z1(a),@) >0 if a € [ay, 1. Since u(z1(a),) =1 and F(1) =0, it follows
by (2.3) that

UiH = 27u’um—(l+2gu)u"2 e "yu"d >0

at z = z1(a), @ € [on, 1] and by o/ (z1(), @) > 0 one gets H(z1(a),a) >0.n

End of the proof of Theorem 2: Define
T = {a € (ax,1): H(z,a) >0 for all z€[0,z,(c)] and ae]a,l[} .
By Claim 3, we have [0,1[C 7, and by Claim 2 it follows that
H(Z,a:) = -1 —-2pu(F, o) <0,

because since u(-,au), u'(-,ax), u”(+,ax) are increasing functions, u(Z, o) >
u(0,ax) =, and 1+ 2pu(Z,a.) > 1+ 2pa, >0 by (3.3). Hence a, ¢ 7 and
T C A. By continuous dependence on parameters, 7 is an open subset of A
and let a:=inf 7. Then ax<a <0 and H(z,a) >0 for all z € [0,z;1(a)].
By Claims 3 and 4, there exists an interior minimum point Z € [0,z;(a@)] of
the function H and

HiE o) = Hilx,8)=1;

Next calculations are done for (z,a) = (z,a). We have
2 ,
O — Hx s J’I (ul\«"u-’_ HJHHH) 1Ll qu!

2 %
= F (7“ u;_',yumun__pluﬂ) )

and by (2.1),

e

yulv = - +pu? = 1+ 2pu)u"+ pu'? +u—u

2
u '

: = (1+2puw)u" +u—u?,
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=0)
(3.4) el (l+2pu)u’+(t‘a*u2)ui; A
Moreover,
(8.5) D=4l w=""2ya =1+ 2nu)u
and by the conservation law (2.3) it follows that
e %(1— w)? (1+ 2u) .
We obtain by (3.4) and (3.5)
1 ) y gy U
5 1+2pu)u' = (14+2pu)u’ + (u—u );‘F =
(3.6) 2(u—u?) = —(14+2pu)u”
and hence
6 u? 1

L= A+2pu2(1+2u) 27

Since u <1, 1+2pu >0 and v” >0 by definition of A, from (3.6) it follows that
u < 0. Then, by the definition of m(vy, u), it follows u(z,a) < m(y,u). Since
u is increasing on [0,z (a)] and a € A, we obtain o, < @ = u(0,@) < u(Z,a) <
m(vy, 1), which contradicts the original assumption o, > m(v, ) and ends the

proof of Theorem 2. n
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