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ABSTRACT

Treatment effect estimates in regression discontinuity (RD) designs are often sensitive to the choice of
bandwidth and polynomial order, the two important ingredients of widely used local regression methods.
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While Imbens and Kalyanaraman and Calonico, Cattaneo, and Titiunik provided guidance on bandwidth,

the sensitivity to polynomial order still poses a conundrum to RD practitioners. It is understood in the
econometric literature that applying the argument of bias reduction does not help resolve this conundrum,
since it would always lead to preferring higher orders. We therefore extend the frameworks of Imbens
and Kalyanaraman and Calonico, Cattaneo, and Titiunik and use the asymptotic mean squared error of the
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local regression RD estimator as the criterion to guide polynomial order selection. We show in Monte Carlo
simulations that the proposed order selection procedure performs well, particularly in large sample sizes
typically found in empirical RD applications. This procedure extends easily to fuzzy regression discontinuity

and regression kink designs.

1. Introduction

Regression discontinuity designs (RD designs or RDD) have
been widely used in empirical social science research in recent
years. Two important reasons for its appeal are that the research
design permits clear and transparent identification of causal
parameters of interest, and the design itself has testable impli-
cations similar in spirit to those in a randomized experiment
(Lee 2008; Lee and Lemieux 2010).

Although the identification strategy is both transparent and
credible in principle, many methods can be used to estimate
the same causal parameter of interest. The key challenge is to
estimate the values of the conditional expectation functions
at the discontinuity cutoff without making strong assumptions
about the shape of that function.

Typical practice in applied research is to employ a non-
parametric local regression estimator. We surveyed leading
economics journals between 1999 and 2017 and found that
of the 110 studies employing RDD, 76 use a local polynomial
regression as their main specification (Table Al, supplemen-
tary material). Among these 76 studies, local linear is the
modal choice and is applied as the main specification in 45
studies, but the remaining 31 (about 40%) choose a different
order.

As a practical matter, researchers often report results from
using different polynomial orders, and feel reassured when
their estimates are robust. But what are they to do when
their conclusions are sensitive to polynomial order? This
question mirrors the motivation behind optimal bandwidth

proposals by Imbens and Kalyanaraman (2012) and Calonico,
Cattaneo, and Titiunik (2014), and it is the focus of the present
article.

Reasoning grounded in bias reduction of the RD estimator
provides no guidance on this question. As both Hahn, Todd, and
Van der Klaauw (2001) and Porter (2003) pointed out, higher
order polynomials have a smaller asymptotic bias than lower
orders. On the other hand, Gelman and Imbens (2019) argued
that high-order polynomials can perform poorly in certain
contexts.

In this article, we propose to extend the now widely used
theoretical framework and data-driven approach of Imbens and
Kalyanaraman (2012) and Calonico, Cattaneo, and Titiunik
(2014)—which use estimated asymptotic mean squared error
(AMSE or asymptotic MSE) of the RD estimator as an optimal-
ity criterion for bandwidth choice—to guide polynomial order
selection. Thus, the proposed procedure is based on a local (as
opposed to global) optimality criterion, as advocated by Gelman
and Imbens (2019).

Our proposal is complementary to the recent work by Hall
and Racine (2015), who call into question the practice of choos-
ing the polynomial order ad hoc for nonparametric estimation
at an interior point, and suggest a cross-validation method to
select the polynomial order jointly with the bandwidth. Instead
of cross-validation, we provide a formal justification for the
application of a suggestion by Fan and Gijbels (1996) to RD
designs, paralleling Imbens and Kalyanaraman (2012).

In order to assess the potential usefulness of the proposed
procedure, we conduct Monte Carlo simulations based on two
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well-known examples (Lee 2008 and Ludwig and Miller 2007),
where we use the exact same parameters as the simulations
conducted by Imbens and Kalyanaraman (2012) and Calonico,
Cattaneo, and Titiunik (2014). First, we illustrate the nature of
the conundrum that researchers face in practice. Unsurprisingly,
we find that in some cases the local linear specification performs
the best, but in many other configurations, alternative polyno-
mials fare better in terms of their MSE, coverage rate of the
95% confidence interval (CI), and size-adjusted CI length. Sec-
ond, we find that the estimator chosen by comparing estimated
AMSEs performs well, especially in larger sample sizes we often
see employed in RD applications.

Finally, we compute the AMSE of the fuzzy RD estimator, the
sharp and fuzzy estimators in the regression kink design (RK
design or RKD), and the bias-corrected estimator of Calonico,
Cattaneo, and Titiunik (2014) in all these contexts. We have
implemented these computations in a Stata package rdmse.
The installation instruction and program documentation are
available online at https://peizhuan.github.io/programs/.

The remainder of the article is organized as follows. Sec-
tion 2 summarizes the theory of local polynomial RD estimators,
and the corresponding Appendix A (appendix, supplementary
material) shows the consistency of our proposed polynomial
order selection procedure. Section 3 presents simulation results.
In Section 4, we discuss the extensions of our proposal to fuzzy
RDDs and RKDs. Section 5 concludes.

2. RD Local Polynomial Order: Theoretical
Considerations

In this section, we review and re-examine the theoretical jus-
tification for the choices in nonparametric RD estimation. In
a sharp RD design, the binary treatment D is a discontinuous
function of the running variable X: D = Ijx>0; where we
normalize the policy cutoft to 0. Hahn, Todd, and Van der
Klaauw (2001) and Lee (2008) showed that under smoothness
assumptions, the estimand:

lim E[Y|X = x] — lim E[Y|X = x] (1)

x—0F x—0"
identifies the treatment effect T = E[Y; — Yy|X = 0], where Y;
and Yy are the potential outcomes. To estimate (1), researchers
typically use local polynomial regressions to separately estimate
its two terms. Specifically, they solve the minimization problem
using only observations above the cutoff as denoted by the +
superscript:

N
n B B B X+
min ) (Y~ B — B X~ B (YK (7) e
B iz

The resulting ,33' is the estimator for lim,_, o+ E[Y|X = x],
and the estimator ,30_ for lim,_,o- E[Y|X = x] is defined
analogously. The RD treatment effect estimator is 7, = ﬂASL — ,30_ ,
where we emphasize its dependence on p by the subscript.

Any nonparametric RD estimator is generally biased in finite
samples. Expressions for the exact bias require knowledge of
the true underlying conditional expectation functions; thus, the
econometric literature has focused on the first-order asymptotic

approximations for the bias and variance. Applying these ideas,
Lemma 1 of Calonico, Cattaneo, and Titiunik (2014) derived
the AMSE of the pth order local polynomial estimator 7, as a
function of bandwidth

1
AMSEg, (h) = WP 2B; + —-V, (3)

where B, and V), are unknown constants that depend on the
properties of the data-generating process (DGP). The AMSE
approximates the conditional MSE of 7, with bandwidth h:
MSE;, (h) = El(fp(h) — 7)%|X], where X = [X},...,X,]
consists of X of all n sample observations. The first term of the
AMSE is the approximate squared bias, and the second term the
approximate variance.

First-order approximations like the one above have been used
in the literature in two ways. First, Hahn, Todd, and Van der
Klaauw (2001) argued in favor of the local linear RD estimator
(p = 1) over the kernel regression estimator (p = 0) for its
smaller order of asymptotic bias—the biases of the two different
estimators are h”*B; and hBy and are of orders O(h%) and O(h),
respectively. However, by the same logic, the asymptotic bias of
the local quadratic estimator (p = 2) is of order O(h?), and
the bias of the local cubic is of order O(h*). More generally, the
bias of the pth-order estimator is of order O(h?*!). Therefore, if
researchers were exclusively focused on the maximal shrinkage
rate of the asymptotic bias, they would choose p to be as large
as possible. Hahn, Todd, and Van der Klaauw (2001) recom-
mended p = 1, implicitly recognizing that factors beyond bias
shrinkage rate should also be taken into consideration.

Second, expression (3) is used as a criterion to determine
the optimal bandwidth for a chosen order p. Since the AMSE
is a convex function of A, one can solve for the optimal band-
width that leads to the smallest value of AMSE: hqp (p) =
argminAMSE¢, (h). Imbens and Kalyanaraman (2012) did pre-

h

cisely this to propose a bandwidth selector for local linear esti-
mation (henceforth IK bandwidth) and Calonico, Cattaneo, and
Titiunik (2014) further extended the selector to polynomial
estimators of alternative orders (henceforth CCT bandwidth).
We now highlight that there is no theoretical ground to
always prefer a specific polynomial order across all empirical
contexts. By evaluating expression (3) at hop(p), which is of

2p+2

order O(niszl“), AMSE;, (hopt (p)) is equal to C,, - nleg% with
C, being a function of the constants B, and V. Therefore, as
the sample size »n increases, AMSE;, hopt (p)) shrinks faster
for a larger p and will eventually, for the same n, fall below
that of a lower order polynomial. Intuitively, if E[Y|X = x] is
close to being linear on both sides of the cutoff, then the local
linear specification will provide an adequate approximation, and
consequently 7; will have a smaller AMSE than that of 7, for a
large range of sample sizes. On the other hand, if the curvature of
E[Y|X = x] is large near the cutoff, a higher p will have a lower
AMSE, possibly even for small sample sizes. Although we expect
higher order polynomials to have lower AMSE in sufficiently
large samples, the precise sample size threshold at which that
happens depends on the DGP through the constant C,.

This point is concretely illustrated in Figure 1, using the
two DGPs we employ for subsequent simulations. The DGPs
are based on Lee (2008) and Ludwig and Miller (2007) and
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Panel (B): AMSE for Local Linear and Quadratic Estimators
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Figure 1. Asymptotic mean-squared-error as a function of sample size.

Note: We plot theoretical AMSEs as functions of sample size in two RD and two RK DGPs. We calculate the AMSEs for local linear and quadratic estimators with triangular
kernel and the theoretical MSE-optimal bandwidth. In Panels (A) and (B), we superimpose the simulated MSEs of the local linear (cross) and quadratic (circle) estimators.
These MSEs are taken from Tables 1 and 2. We discuss the rate at which the MSE-optimal polynomial order increases with sample size in the Remark below Proposition 1 in

Appendix A (supplementary material).

described in greater detail in Appendix B.1 (supplementary
material). Since we know the parameters of the underlying
DGPs, we can analytically compute the quantities on the right
hand side of equation (3). Using Lemma 1 of Calonico, Cattaneo,
and Titiunik (2014), we plot in Figure 1 the AMSEfP under the
triangular kernel in the two DGPs as a function of sample size
nfor p = 1,2 (see Appendix C.1 for details, supplementary
material).

For the Lee (2008) DGP in Panel (A), AMSE;, is marginally
below AMSE; at small sample sizes but is larger at sample
sizes over n 1467. Therefore, for the actual sample size
in Lee (2008), #actual 6558, local quadratic should be
preferred to local linear based on the AMSE comparison—
the associated reduction in AMSE is 8%. For the Ludwig
and Miller (2007) DGP in Panel (B), the difference between
p = land p = 2 is much larger, and AMSE;, dominates
AMSE;, for all n under 7000. At the actual sample size in
Ludwig and Miller (2007), #actual = 3105, the local quadratic
estimator reduces the AMSE by a considerable 37%. It is worth
noting that at m,ca, the AMSEs closely match the MSEs
from our simulations in Section 3 below, which are marked
by a cross for the local linear estimator and a circle for local
quadratic.

In practice, Equation (3) cannot be directly applied because

B, and V,, depend on unknown quantities such as the deriva-

tives of the conditional expectation function, conditional vari-

ances, and the density of X. Thus, Imbens and Kalyanaraman

(2012) and Calonico, Cattaneo, and Titiunik (2014) used the
empirical analog of Equation (3) for the local linear estimator
1 A

— Vi,

— A2
AMSE;, (h) = h*B] + —

(4)
where B; and V; are replaced by consistent estimators B
and \71, and the MSE-optimal feasible bandwidth is defined
as ]:l(l) argminAMSE;, (h). The two studies differ in

h
how they arrive at the estimates of B; and V;. Additionally,
Calonico, Cattaneo, and Titiunik (2014) generalized Imbens
and Kalyanaraman (2012) by proposing bandwidth selectors
for 7, for any p.

In this article, we simply extend the logic that justifies the
optimal bandwidth by noting that we can choose the polynomial
order corresponding to the lowest estimated AMSE. That is, we
define

~

P

= arg minmfp
peR

(i (p)),
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where Q consists of a finite number of candidate polynomial
orders (€2 can contain as few as two elements if a researcher is
just choosing between two orders; see Appendix A (supplemen-
tary material) for more discussion of ). For the AMSE of 7, no

new quantities need to be computed beyond the estimators Bp

and Vp and the optimal h (p), which must already be calculated
when implementing, for example, the CCT bandwidth.

In summary, once one has already chosen an estimator (and
the corresponding AMSE-minimizing bandwidth selector such
as CCT), then it is straightforward to also report the resulting
mfp for any given p and compare mf across different
candidate polynomial orders. Appendix C.2 (supplementary
material) provides the exact expressions needed from Calonico,
Cattaneo, and Titiunik (2014) for the calculation of the AMSE
of 7,, which is implemented in the Stata package rdmse.

Although this simple order selection approach was suggested
by Fan and Gijbels (1996) for general local polynomial regres-
sion, to the best of our knowledge, a formal theoretical justifi-
cation has yet to be discussed, and the approach has yet to be
applied to RD designs. In Appendix A (supplementary mate-
rial), we investigate the asymptotic property of the procedure
and prove the consistency of p in two asymptotic frameworks
that have been invoked in the literature.

Before proceeding to examine the finite sample performance
of p, we make several remarks.

Remark 1. We can also estimate the AMSE of the bias-corrected
estimator of Calonico, Cattaneo, and Titiunik (2014) (denoted
by f‘;"). Appendix C.2 (supplementary material) provides
details, and the calculation is also implemented in the Stata
package rdmse.

Remark 2. We can allow for different polynomial orders on
two sides of the threshold, similar to recent developments that
permit different bandwidths. Calonico et al. (2017, 2019) imple-
mented bandwidths that are optimal for the left and right inter-
cept estimators, respectively. Following this line of reasoning,
our Stata package can calculate the AMSE of each intercept esti-
mator of a given polynomial order with the Calonico et al. (2017,
2019) bandwidths. Another recent study by Arai and Ichimura
(2018) proposed simultaneous left and right bandwidth selec-
tors that are MSE-optimal for the sharp RD estimator. It is also
possible to extend Arai and Ichimura (2018) and jointly select
left and right polynomial orders that are optimal for the RD
estimator itself. In fact, the finiteness of the polynomial choice
set makes the exercise easier than the bandwidth selection by
Arai and Ichimura (2018), who have to innovate to avoid a
degenerate optimization problem.

Remark 3. Calonico et al. (2019) considered the identifica-
tion, estimation, and inference in local RD regressions with
covariates. Among other contributions, they propose covariate-
adjusted MSE-optimal bandwidth selectors, which require the
estimation of covariate-adjusted biases and variances. This arti-
cle can be extended to select polynomial orders after covariate
incorporation by building on Calonico et al. (2019).

Remark 4. Our MSE-optimal polynomial order selection
procedure stems from the perspective of point estimation and

not inference. Calonico, Cattaneo, and Farrell (2020) recently
showed that the inference-optimal bandwidth that minimizes
confidence interval coverage error rate is different from the
MSE-optimal bandwidth (the former shrinks faster as a function
of n). The same may also be true for polynomial order choices.
Future work can study inference-optimal polynomial orders by
building on the Edgeworth expansion approach in Calonico,
Cattaneo, and Farrell (2020).

Remark 5. There exist alternative econometric estimation
and inference approaches to the local polynomial paradigm,
but many still require a polynomial order as input. Our
proposal is applicable to frequentist approaches based on
local approximation, for example, Otsu, Xu, and Matsushita
(2015), whose empirical likelihood procedure relies on moment
conditions formulated from the local linear RD estimator. One
could adapt the Otsu, Xu, and Matsushita (2015) procedure by
starting with our MSE-optimal polynomial order. In contrast,
our way of calculating the AMSE does not apply to the local
randomization approach by Cattaneo, Titiunik, and Vazquez-
Bare (2017), where the polynomial choice amounts to a
parametric assumption, or the order of global polynomial fit
lines in RD graphs (Calonico, Cattaneo, and Titiunik 2015), for
which Lee and Lemieux (2010) suggested selection procedures
based on goodness-of-fit criteria. Finally, our frequentist
proposal does not apply to the Bayesian RD approach of
Geneletti et al. (2015), and we leave the polynomial order
choice therein as an open question. (In another Bayesian study,
Branson et al. 2019 largely circumvented this polynomial choice
by modeling the potential outcome means conditional on X
as Gaussian processes; although the mean functions of the
Gaussian processes are still specified as polynomials, their
choice is shown to be inconsequential in examples.)

3. Monte Carlo Results

Although AMSE provides the theoretical basis for bandwidth
selection and our complementary proposal for polynomial
order selection, it is nevertheless a first-order asymptotic
approximation. In this section, we conduct Monte Carlo
simulations to examine the finite sample performance of local
polynomial estimators of various orders—which themselves
use the CCT bandwidth selectors—and our proposed order
selection procedure.

We employ DGPs from two well-known empirical examples,
Lee (2008) and Ludwig and Miller (2007), and the specifications
of these DGPs follow exactly those in Imbens and Kalyanaraman
(2012) and Calonico, Cattaneo, and Titiunik (2014). The con-
ditional expectation functions are specified as piecewise quin-
tic polynomials (see Appendix B.1 for details, supplementary
material). Because of the fifth-order specification of the DGPs,
the highest polynomial order we allow is pmax = 4 so that we
do not mechanically favor estimators from correctly specified
regressions.

Our simulations draw 10,000 repeated samples from the
two DGPs. Below, we present results using a triangular kernel;
additional results using the uniform kernel are available in the
previous working article (Pei et al. 2020), and the qualitative
conclusions are the same.



The simulation results are organized as follows. Tables 1 and
2 report on the performances of conventional RD estimators
(p) applied to the two DGPs, respectively, while Tables B.1
and B.2 (appendix, supplementary material) report on the bias-
corrected RD estimators (f}’c) and the associated robust confi-
dence intervals as per Calonico, Cattaneo, and Titiunik (2014).
Each of the four tables displays results corresponding to two
sample sizes: the actual sample size in Panel A and large sample
size in Panel B. The actual sample size is that of the analysis
sample in the two empirical studies: n,cya) = 6558 for Lee
(2008) and n,crya = 3105 for Ludwig and Miller (2007). We
set the large sample size to nage = 60,000 for the Lee DGP and
Mlarge = 30,000 for Ludwig-Miller. nj,pge is about 10 X #1,crya in
both studies, and it is comparable to or lower than the 7 in many
empirical papers.

In part (a) of each panel, we show the summary statistics for
the local linear estimator with two bandwidths. The first band-
width is the (infeasible) theoretical optimal bandwidth (hopt),
which minimizes AMSE using knowledge of the underlying
DGP. Even though the theoretically optimal bandwidth is never
known in an empirical application, we present simulation results
for hopt as a check on our theoretical intuition. As documented
below, MSE decreases monotonically with p under hope with
moderately large sample sizes, which is consistent with our
discussion of the asymptotic behavior of AMSE-EP (hopt(p)) in
Section 2. The second bandwidth is the default CCT band-
V\lidth selector from Calonico, Cattaneo, and Titiunik (2014)
(hcer).

We report averages and percentages across the simulations:
average bandwidth in column (2), average number of obser-
vations within the bandwidth in column (3), MSE in column
(4), coverage rate of the 95% CI in column (5), the average
CI length in column (6), and the average size-adjusted CI
length in column (7). While the other statistics are standard
in Monte Carlo exercises, the size-adjusted CI length warrants
further explanation. Size-adjustment is necessary because not
all 95% Cls achieve the nominal coverage rate, in which case
no standard metric tells us how to trade off a lower coverage
rate for a shorter confidence interval. Therefore, we adapt the
size-adjusted power proposal from Zhang and Boos (1994) to
calculate size-adjusted 95% Cls. Specifically, instead of using
1.96 as the critical value for constructing the 95% CI, we find
the smallest critical value so that the resulting size-adjusted
95% CI has the nominal coverage rate in the simulation. We
simply report the average length of these size-adjusted Cls in
column (7).

In part (b) of each table, we present the same statistics for
different polynomial orders. In columns (4), (6), and (7), we
express the quantities as a ratio to the quantity in the local linear
specification for ease of comparison.

3.1. Performances of Alternative Polynomials

The set of polynomial orders we assess is limited by the piece-
wise quintic specification of the two DGPs. As mentioned above,
since the kth-order derivative of the conditional expectation
function is zero at the cutoff for k > 5, the highest-order
estimator we allow is local quartic to ensure the finiteness of the
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theoretical optimal bandwidth. For the Lee DGP, the alterna-
tive polynomial orders are p = 0,2, 3,4, as well as the order
p selected from the set {0, 1,2,3,4} that minimizes estimated
AMSE. For Ludwig-Miller, we exclude p = 0 from the simu-
lations under the actual sample size, because hopt for p = 0 is so
small (0.004) that the average effective sample size is only 17.

We highlight several findings from the four tables. First,
although the de facto local linear estimator performs compet-
itively in some cases (e.g., Lee DGP with CCT bandwidth selec-
tors in Panel A of Table 1 and Table B.1, supplementary mate-
rial), it does not deliver the lowest MSE. Looking down column
(4) in part (b) of every table, there is at least one alternative
estimator for which the MSE ratio is less than one. In these cases,
the reduction in MSE ranges from 2% (local quadratic with hccr
in Panel A of Table 2) to 72% (local quartic with hqp in Panel B
of Table 2).

Second, from column (5) in all tables, alternative estimators
may improve upon the local linear in terms of its 95% CI cover-
age rate. It is worth noting that the coverage rate of the local lin-
ear Cl is close to the nominal level in many instances, in which
case the improvement by alternative estimators is small. But the
improvement can sometimes be substantial. Given the analysis
of Calonico, Cattaneo, and Titiunik (2014), it is not surprising
that the conventional local linear CI sometimes undercover. The
undercoverage is more serious under the Lee DGP: for example,
thelocal linear CI coverage rate is 83% in simulations with 71,1

and szCT (Part (a) of Panel A in Table 1). But this undercoverage
is alleviated with the use of higher order alternatives, and the
local quadratic, cubic and quartic estimators all lead to a cover-
age rate of at least 90%. The robust local linear CI has better
coverage rates as shown in the appendix (Tables B.1 and B.2,
supplementary material), and the use of alternative orders may
bring further improvement.

Finally, we compare the length of confidence intervals across
different choices of p. Table B.2 (supplementary material) shows
that the coverage rates are close to the nominal 95% for all robust
confidence intervals for the Ludwig-Miller DGP, and all of the
polynomial orders greater than one yield confidence intervals
that are smaller, and substantially so in many cases. In Tables 1,
2,and B.1, the CI coverage rates of local linear can fall noticeably
below the nominal 95% rate. Thus, we rely on size-adjusted
confidence intervals in column (7) to compare the precision
of the estimates on equal footing. Of the 36 specifications that
use higher order polynomials in those tables, 33 of them have
shorter size-adjusted confidence intervals than local linear.

3.2. Performance of the Polynomial Order Selection
Procedure

We have thus far provided both theoretical arguments and
Monte Carlo evidence that point toward a more flexible view
regarding the choice of p. We have presented simulation results
on the performance of estimators that take p as given and
use existing methods for choosing the M—minimizing
h, conditional on the given p. The evidence of the local
linear specification performing well in some cases but not in
others underscores the polynomial-order-choice conundrum
researchers sometimes face.
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We now turn to the performance of our proposed order selec-
tion procedure. Specifically, we designate our candidate set €2 to
contain all of the polynomial orders considered in Section 3.1,
and for a particular Monte Carlo draw, we compute the RD
estimator for each p in Q and their corresponding AMSE t

For that same draw, we choose the p with the lowest AMSE .
By repeating this process over the Monte Carlo draws, we can
examine how well this procedure performs in terms of MSE,
coverage, and the length of the confidence interval.

We report the results in the rows labeled “p” below the
quartic in each table. Overall, our procedure tends to select
a polynomial specification that performs well. Although the
selected polynomial order varies across repeated sample draws,
the modal value of p coincides with the lowest MSE order in the
majority of cases. In fact, this happens for all 8 permutations
(2 DGPs x 2 bandwidth selectors x 2 estimators) under the
large sample size, n1jyrge. Sometimes, our procedure leads to the
local linear specification being the modal choice, but when it
does not, it always results in an estimator with improved MSE
over local linear. In these cases, the reduction in MSE ranges
between 17% and 43% for the Lee DGP and between 46% than
72% for the Ludwig-Miller DGP. We see qualitatively similar
results for the p-selected estimator in terms of its CI coverage
rate and length. When the procedure does not select linear as the
modal choice, it maintains the coverage rate if the local linear
CI coverage rate is close to 95%, and it improves coverage if
the local linear CI undercovers. The procedure also helps to
reduce the CI length relative to local linear, especially for the
Ludwig-Miller DGP. As emphasized in Remark 4, however, our
procedure is not theoretically grounded in inference, and the
good performance of the CI here may not generalize to other
contexts.

We show additional results in the appendix (Tables B.3 to B.4,
supplementary material) for the sample size ngm, = 500. This
is the sample size used in the simulations of Imbens and Kalya-
naraman (2012) and Calonico, Cattaneo, and Titiunik (2014).
We see from Panel A of Table B.3 (supplementary material) that
because p = 1 minimizes the MSE of the conventional estimator
7, under the Lee DGP, our polynomial selection procedure
fares worse than always using local linear. As shown in Panel
A of Table B.4, p does better for the bias-corrected estimator
f;’c, for which local constant is MSE-minimizing(!), leading
to comparable or lower MSEs, but the corresponding CI may
undercover. This somewhat underwhelming performance of p
in small sample sizes is an important caveat, but we note that it is
rare to find RD studies that rely on 500 or fewer observations. In
our survey of 110 studies, only three papers use fewer than 500
observations, a third of the papers use fewer than 6000 obser-
vations, and the median sample size is 21,561. A sample size of
60,000, the largest sample size used in our simulations, sits at the
63rd percentile. Therefore, it is fairly common to see studies with
n = 60,000, much more so than seeing studies with about 500
observations. But even with 500 observations, our selection pro-
cedure performs well under the Ludwig-Miller DGP as shown
in Panel B of Tables B.3 and B.4 (supplementary material): the
modal p always coincides with the MSE minimizing polyno-
mial order, and relative to local linear, our procedure leads to
improved MSE.

To summarize, we have implemented simulations under two
DGPs (Lee and Ludwig-Miller), two bandwidth choices (hqpt
and hccr), two types of estimators (conventional and bias-
corrected), and three sample sizes (fsmall, Mactual, a0d Marge).
We see that the best performing polynomial order varies across
context: the MSE minimizing specification ranges from local
constant to local quartic (the highest order we consider). We
also find that our polynomial selection procedure generally
performs well, especially in larger sample sizes typically used in
RD studies.

4. Extensions: Fuzzy RD and RKD

In this section, we briefly discuss how AMSE-based local poly-
nomial order choice applies to two popular extensions of the
sharp RD design. The first extension is the fuzzy RD design,
where the treatment assignment rule is not strictly followed. We
rely on Lemma 2 and Theorem A.2 of Calonico, Cattaneo, and
Titiunik (2014) to estimate the AMSE of a fuzzy RD estimator
by first linearizing it, and we implement the calculation in the
Stata package rdmse.

The second extension is the regression kink design (Nielsen,
Serensen, and Taber 2010; Card et al. 2015a), which our Stata
implementation also accommodates. For RKD, Calonico, Cat-
taneo, and Titiunik (2014) and Gelman and Imbens (2019)
recommend using local quadratic (p = 2) by extending the
Hahn, Todd, and Van der Klaauw (2001) argument. But similar
to our RD discussion, the AMSE of local quadratic may or may
not be lower than alternative orders, depending on the sample
size and DGP characteristics.

To illustrate this once again, but in the case of fuzzy RKD,
we specify DGPs based on the bottom- and top-kink samples
of the application in Card et al. (2015b) (see Appendix B.2 for
details, supplementary material). These DGPs again allow us
to compute AMSE; as a function of sample size for different
p- As shown in Panel (C) of Figure 1, the AMSE of the local
quadratic fuzzy estimator is asymptotically smaller. However, it
takes about 86 million observations for the local quadratic to
dominate local linear. In Panel (D) of Figure 1, the local linear
fuzzy estimator dominates its local quadratic counterpart for
sample sizes up to 200 million observations. Since these thresh-
old sample sizes are far larger than the 270,000 observations
in both the bottom- and top-kink samples, they give reason to
prefer the local linear RK estimator.

5. Conclusion

This article is motivated by the question of what researchers
should do when their RD estimates are sensitive to the choice
of polynomial order used in local regressions. Since the existing
literature does not provide a practical answer, we propose to
extend the logic of the widely used approach of Imbens and
Kalyanaraman (2012) and Calonico, Cattaneo, and Titiunik
(2014) and use the estimated AMSE to guide polynomial order
selection. In Monte Carlo simulations based on two well-known
RD examples, we see that the best polynomial ranges from
local constant to quartic (the maximum order we allow) and
varies across sample size and DGP characteristics. Our pro-



posed order selection procedure performs reasonably well, espe-
cially in larger sample sizes typically seen in RD applications.

As a concluding remark, we view the proposed polyno-
mial selection procedure as a complement—not a substitute—
to analyses that explore result robustness to order choice. In
many cases, different polynomial orders may yield substantively
similar results, and the procedure will not be needed. But when
researchers are confronted with estimate sensitivity with respect
to polynomial order, the procedure can be used to rule out
suboptimal estimators which yield drastically different results,
as in the RKD context of Card et al. (2017).

Supplemental Material

The supplemental materials contain the Appendix and replication pro-
grams.

Acknowledgments

We thank the editor, Jianqing Fan, an anonymous associate editor, three
anonymous referees, Matias Cattaneo, Gordon Dahl, Guido Imbens, Pat
Kline, Pauline Leung, Doug Miller, Jack Porter, Yi Shen, Yan Song, Stefan
Wager, Vivian Wong, and participants at various seminars and conferences
for helpful comments. Camilla Adams, Amanda Eng, Sarah Frick, Katie
Guyot, Samsun Knight, Suejin Lee, Carl Lieberman, Bailey Palmer, and
Amy Tarczynski provided outstanding research assistance.

References

Arai, Y., and Ichimura, H. (2018), “Simultaneous Selection of Optimal
Bandwidths for the Sharp Regression Discontinuity Estimator,” Quan-
titative Economics, 9, 441-482. [1262]

Branson, Z., Rischard, M., Bornn, L., and Miratrix, L. W. (2019), “A
Nonparametric Bayesian Methodology for Regression Discontinuity
Designs,” Journal of Statistical Planning and Inference, 202, 14-30. [1262]

Calonico, S., Cattaneo, M. D., and Farrell, M. H. (2020), “Optimal Band-
width Choice for Robust Bias-Corrected Inference in Regression Dis-
continuity Designs,” Econometrics Journal, 23, 192-210. [1262]

Calonico, S., Cattaneo, M. D., and Titiunik, R. (2014), “Robust Non-
parametric Confidence Intervals for Regression-Discontinuity Designs.”
Econometrica, 82, 2295-2326. [1259,1260,1261,1262,1263,1266]

(2015), “Optimal Data-Driven Regression Discontinuity Plots,”
Journal of the American Statistical Association, 110, 1753-1769. [1262]

Calonico, S., Cattaneo, M. D., Farrell, M. H., and Titiunik, R. (2017),
“rdrobust: Software for Regression Discontinuity Designs,” Stata
Journal, 17, 372-404. [1262]

(2019), “Regression Discontinuity Designs Using Covariates,”

Review of Economics and Statistics, 101, 442-451. [1262]

JOURNAL OF BUSINESS & ECONOMIC STATISTICS 1267

Card, D., Lee, D. S., Pei, Z., and Weber, A. (2015a), “Inference on Causal
Effects in a Generalized Regression Kink Design,” Econometrica, 83,
2453-2483. [1266]

(2015b), “Inference on Causal Effects in a Generalized Regression

Kink Design,” Upjohn Institute Working Paper 15-218. [1266]

(2017), “Regression Kink Design: Theory and Practice,” in Regres-
sion Discontinuity Designs: Theory and Applications. Vol. 38 of Advances
in Econometrics, ed. M. D. Cattaneo and J. C. Escanciano, Bingley:
Emerald Publishing Ltd. [1267]

Cattaneo, M. D, Titiunik, R., and Vazquez-Bare, G. (2017), “Comparing
Inference Approaches for RD Designs: A Reexamination of the Effect of
Head Start on Child Mortality,” Journal of Policy Analysis and Manage-
ment, 36, 643-681. [1262]

Fan, J., and Gijbels, 1. (1996), Local Polynomial Modelling and Its Applica-
tions, Boca Raton: Chapman and Hall. [1259,1262]

Gelman, A., and Imbens, G. W. (2019), “Why High-order Polynomials
Should Not Be Used in Regression Discontinuity Designs,” Journal of
Business & Economic Statistics, 37, 447-456. [1259,1266]

Geneletti, S., O’Keefte, A. G., Sharples, L. D., Richardson, S., Baio, G. (2015),
“Bayesian Regression Discontinuity Designs: Incorporating Clinical
Knowledge in the Causal Analysis of Primary Care Data,” Statistics in
Medicine, 34, 2334-2352. [1262]

Hahn, J., Todd, P,, and Van der Klaauw, W. (2001), “Identification and Esti-
mation of Treatment Effects With a Regression-Discontinuity Design,”
Econometrica, 69, 201-209. [1259,1260,1266]

Hall, P. G, and Racine, J. S. (2015), “Infinite Order Cross-Validated Local
Polynomial Regression,” Journal of Econometrics, 185, 510-525. [1259]

Imbens, G. W,, and Kalyanaraman, K. (2012), “Optimal Bandwidth Choice
for the Regression Discontinuity Estimator,” Review of Economic Studies,
79, 933 - 959. [1259,1260,1261,1262,1266]

Lee, D. S. (2008), “Randomized Experiments from Non-Random Selec-
tion in U.S. House Elections,” Journal of Econometrics, 142, 675-697.
[1259,1260,1261,1262,1263]

Lee, D. S., and Thomas, L. (2010), “Regression Discontinuity Designs in
Economics,” Journal of Economic Literature, 48, 281-355. [1259,1262]
Ludwig, J., and Miller, Douglas, L. (2007), “Does Head Start Improve Chil-
dren’s Life Chances? Evidence from a Regression Discontinuity Design,”

Quarterly Journal of Economics, 122, 159-208. [1260,1261,1262,1263]

Nielsen, H. S., Serensen, T., and Taber, C. R. (2010), “Estimating the Effect of
Student Aid on College Enrollment: Evidence from a Government Grant
Policy Reform,” American Economic Journal: Economic Policy, 2, 185-
215. [1266]

Otsu, T., Xu, K.-L., and Matsushita, Y. (2015), “Empirical Likelihood for
Regression Discontinuity Design,” Journal of Econometrics, 186, 94-112.
[1262]

Pei, Z., Lee, D. S., Card, D., and Weber, A. (2020), “Local Polynomial Order
in Regression Discontinuity Designs,” NBER Working Paper 27424.
[1262]

Porter, J. (2003), “Estimation in the Regression Discontinuity Model,
mimeographed. [1259]

Zhang, ., and Boos, D. D. (1994), “Adjusted Power Estimates in Monte
Carlo Experiments,” Communications in Statistics - Simulation and
Computation, 23, 165-173. [1263]




	Abstract
	1.  Introduction
	2.  RD Local Polynomial Order: Theoretical Considerations
	3.  Monte Carlo Results
	3.1.  Performances of Alternative Polynomials
	3.2.  Performance of the Polynomial Order Selection Procedure

	4.  Extensions: Fuzzy RD and RKD
	5.  Conclusion
	Supplemental Material
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Adobe Gray - 20% Dot Gain)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Symbol
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /Times-Roman
    /ZapfDingbats
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 200
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.20
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.20
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ([Based on 'TandF-preview-FP'] Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


