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Competition between simple and complex contagion on temporal networks
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Behavioral adoptions of individuals are influenced by their peers in different ways. While in some cases
an individual may change behavior after a single incoming influence, in other cases multiple cumulated
attempts of social influence are necessary for the same outcome. These two mechanisms, known as simple
and complex contagion, often occur together in social contagion phenomena, yet their distinguishability based
on the observable contagion dynamics is challenging. In this paper we define a social contagion model evolving
on temporal networks where individuals can switch between contagion mechanisms. We explore three spreading
scenarios: predominated by simple or complex contagion, or where the dominant mechanism changes during
the unfolding process. We propose analytical and numerical methods relying on global spreading observables
to identify which of these three scenarios characterizes a social spreading outbreak. This work offers insights
into social contagion dynamics on temporal networks, without assuming prior knowledge about the contagion
mechanism driving the adoptions of individuals.
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I. INTRODUCTION

Our personal decisions—buying a product, following a
trend, or adopting a hobby—are shaped not only by our own
preferences but also by the influence of others [1–4]. So-
cial influence, coming from our peers, commonly biases our
choices to make us align with a larger group, who has already
adapted a given behavior [5]. This phenomenon, known as
social contagion [1], leads to widespread patterns of adoption
across populations connected by a social network. While it
has long been understood that interpersonal influence affects
mass adoption [6,7], the detection of the social contagion
mechanisms dominating spreading outbreak remain unclear.
At the egocentric network level, according to the social brain
hypothesis [8], the strength of peer influence may vary among
acquaintances depending on their intimacy level [9]. This het-
erogeneity in influence makes it difficult to decide if a single
attempt of social influence or, alternatively, repeated social
stimuli, driven by reinforcement mechanisms, plays a role in
the adoption of a person [10–12].

Multiple social contagion mechanisms have been identi-
fied to model the diversity of observed contagion patterns
[1]. These are often defined as binary-state processes, where
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individuals (or nodes) move from a susceptible to an infected
state due to interactions with infected others [2,13]. Simple
contagion models, like the susceptible-infected (SI) dynamics
[14,15], assume that a single interaction could be enough
to trigger transmission, leading to smooth initial growth of
spreading [16,17]. In contrast, complex contagion models [18]
require multiple exposures to reach a cognitive threshold of
accumulated influence before adoption occurs [10,11]. This
type of mechanism accounts for rapid cascading spreading dy-
namics, commonly seen in the case of highly popular products
or memes [19].

Contagion models often assume that social networks en-
code the structure that communicates influence between
connected peers [19,20]. Several topological properties, such
as the egocentric network size (degree) [20–22], triadic clo-
sure (clustering) [23], peerwise strength of influence (link
weights) [9,24–26], or multilayer structure [27,28], play im-
portant roles in the spreading process. On the other hand, the
time-varying nature of social interactions is less studied in this
context, while it heavily influences the contagion dynamics, as
it determines the time-respecting paths along which informa-
tion or influence can be disseminated. The lifetime of links
[29], the frequency of interactions [30,31], the limited waiting
times of processes at nodes [32], the causally related adjacent
events [33], the memory length of influence [34–36], or the
heterogeneous bursty interaction dynamics [30,34,35,37] all
have been identified to be important in influencing spreading
processes on temporal networks.

However, these studies usually focus on either simple or
complex contagion mechanisms to explain the actual spread-
ing phenomena. Some aim to differentiate between these
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mechanisms from a global view [38,39] or from local knowl-
edge only [40] or by studying their coevolution [41]. In other
works, contagion mechanisms vary across network layers or
by communities [42,43], while some other models assign
individual thresholds to nodes, specifying the number of ex-
posures needed for adoption [31,44–47]. The infectiousness
of the spreading process and the underlying network structure
often determine which mechanism dominates the unfolding
process [48]. In the case of mixed simple and complex con-
tagion processes, the more easily contracted simple contagion
may govern the spreading initially but in turn could trigger the
complex contagion process, where the infection of an ego is
conditional to a larger fraction of prior infected peers [47].

In some of these studies, even though both simple and
complex contagions coexist in one spreading process, nodes
are always assigned a predefined mechanism. In some cases,
the contagion dynamics is determined by the community or
network layer membership, while in others it depends on a
predefined infectiousness threshold specific to each node. In
contrast, in real-world scenarios, individuals are not limited to
a single contagion mechanism: they might adopt through both
simple and complex contagions depending on the social con-
text. For example, adoption of a product might occur from a
single intimate contact (simple contagion) or through repeated
interactions with distant acquaintances (complex contagion).
Therefore, the consideration of the interplay between these
mechanisms is pivotal to understanding real social contagion
phenomena better. Moreover, while the important effects of
time-varying interactions on spreading processes have been
well established, studies mixing simple and complex conta-
gions on temporal networks are scarce, as early works have
been limited to static networks.

In this paper, we address this knowledge gap by propos-
ing an approach to model processes with multiple adoption
mechanisms on temporal networks. In our model, a node is
not endowed with a preassigned contagion mechanism but it
could adopt via either a simple or a complex contagion. Our
goal is to propose methods to identify whether simple, com-
plex, or mixed contagion processes dominate the early and
late dynamics of the modeled spreading process with mixed
mechanisms. We classify processes into three categories, each
corresponding to a distinct phase in the space of relevant
parameters, and propose methods to identify the boundaries
between these phases.

II. MODEL DEFINITION

We simulate the dynamics of time-varying interactions by
building on the activity-driven network (ADN) model, that
provides a flexible modeling framework of temporal networks
[12,49,50]. We consider N initially disconnected nodes, each
of them assigned with an activity ai ∈ [0, 1], extracted from
an arbitrary distribution F (a). The network evolves through
asynchronous iterations of N microscopic time steps, during
which each node is updated once on average. In a single mi-
croscopic time step, of duration �t = 1/N , a node i is selected
randomly and it becomes activated with probability ai [51].
In the case of activation, the node connects to m randomly
selected other nodes from the network, avoiding self-loops

and multilinks. In the following iteration, we delete all links
and start the process over again.

To model a binary-state contagion process [13] on the top
of an ADN model, we assume that each node at any time step
can be in one of two mutually exclusive states: susceptible (S),
thus not yet reached by the contagion process, or infected (I)
if it has been contaminated. We set all nodes initially as sus-
ceptible and start the spreading from a small set of randomly
selected infected seed nodes. Once a susceptible node is con-
taminated during the spreading, it remains in this state; thus
the system is evolving towards a fully infected absorbing state.
Susceptible nodes can become infected in two ways: either get
contaminated through the simple contagion mechanism, with
an independent probability β for each contact with an infected
peer, or through the complex contagion mechanism, if the
fraction of infected neighbors exceeds a threshold φ ∈ [0, 1],
preassigned to each node. The simple contagion is thus driven
by a stochastic process, while the complex contagion is fully
deterministic, ruled by the threshold and the proportion of
infected neighbors of each node at each time step.

We initially infect a randomly selected 1% of seed nodes.
Subsequently, at each time step, if an activated node is sus-
ceptible, it will follow the simple contagion mechanism with
probability p, and thus it may get infected with probability β

from any of its infected neighbors. Otherwise, with probabil-
ity 1 − p, the node will follow the complex contagion rule;
thus it gets infected if the fraction of the infected neighbors
exceeds the threshold φ [52]. In practical terms, if ni is the
number of infected nearest neighbors of the susceptible node
i, complex contagion takes place if ni � z, where z = �mφ�.
These steps are repeated until every node is in the infected
state.

In the following, we denote by I (t ) the number of infected
nodes at time t and by ρ(t ) = I (t )/N (ρ for brevity) the
fraction of infected nodes (prevalence), while ρ0 indicates
this quantity at the start of the propagation. Likewise, ρs

and ρc indicate the fractions of nodes infected by the simple
or complex contagion, respectively. To simplify the mathe-
matical description, we formulate some assumptions about
the propagation process. We model a homogeneous network
dynamics by assuming that all nodes have the same activity a,
while we consider the heterogeneous case in Fig. 2. Further,
we study the cases of z = 2 and z = 3; in other words, when
susceptible nodes need two, or in another case three infected
neighbors to adopt. The analytical treatment for more general
cases with any value of z is outlined in the Appendix D.

III. ANALYTICAL STUDY

To shed analytical light on the model, we consider its
description in terms of a mean-field rate equation, inspired
by Ref. [49], for the fraction of infected nodes ρ(t ). In our
description we take into account the effects of activity and the
two alternative methods of infection, either simple or complex
contagion; see Appendix A.

We first consider the case where only complex contagion is
present, corresponding to p = 0. The exact rate equation can-
not be easily solved analytically. Therefore, in order to get
some insight into the dynamics, we focus on its early time
evolution, when ρ � 1, corresponding to a leading order
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expansion (see Appendix B). In this regime, the density of
infected nodes follows the equation

ρz−1(t ) = 1

ρ1−z
0 − (z − 1)C t

, (1)

where C is a constant depending on a, m, and z = �mφ�,
which we assume to be larger than 1. This function shows
a linear decrease in time of the quantity 1/ρz−1, and a
divergence at time t = ρ1−z

0 /[C(z − 1)]. This divergence is
nonphysical since it appears as a lower-order approximation;
adding other terms in the full equation curbs the divergence
and leads to a prevalence ρ(t ) � 1. However, we can interpret
this apparent divergence in opposition to the behavior of pure
simple contagion, in which prevalence grows exponentially
in the linear approximation [16]. Complex contagion operates
instead in cascades, in which a large fraction of nodes become
infected in a very short period of time [19]. Thus, we can
identify the divergence time as the onset of the cascading
behavior of complex contagion.

When both simple and complex contagions are present
(0 < p < 1), and focusing on the case z = 2, the evolution of
the prevalence reads as

dρ

dt
= a p m β (ρ + B ρ2), (2)

up to order ρ2, where we have defined the constant B =
(1−p)(m−1)

2pβ − (m−1)β
2 − 1 (for further details see Appendix C).

The solution of Eq. (2) in terms of the initial density of
infected nodes is

ρ(t ) = 1

A e−a p m β t − B
, (3)

where A = B + 1
ρ0

. The sign of B determines the behavior of
the prevalence: for B < 0, ρ(t ) has a monotonous behavior,
while for B > 0, ρ(t ) shows again a divergence. Within the
higher-order approximation, this can be understood at nega-
tive B, corresponding to simple contagion, and positive B to
complex contagion. The transition between those two regimes
arises when B = 0, yielding the critical value of p separating
the regimes:

pc(β ) = m − 1

2β + (1 + β2) (m − 1)
. (4)

If B is positive, the prevalence diverges at

tcasc = 1

a p m β
ln

(
A

B

)
, (5)

which serves as a proxy of the time of onset of the cascading
behavior in complex contagion.

Finally, for B > 0, by analyzing the evolution of Eq. (2),
we can calculate when the first term on the right-hand side
(rhs), corresponding to pure simple contagion, is equal to
the second term, with contributions of both the simple and
complex contagions. These terms are equal at the prevalence

ρeq = 1/B, (6)

which corresponds to the time

teq = 1

a p m β
ln

(
A

2B

)
. (7)

(a) (b)

(c) (d)

FIG. 1. Fraction of all infected nodes ρ (blue line) together with
the fraction of nodes infected by simple ρs (green) and complex ρc

(red) contagion as a function of time, for z = 2. Panels show different
(β, p) parameters: (a) (0.05, 0.99), (b) (0.99, 0.99), (c) (0.05, 0.05),
and (d) (0.99, 0.05). The simple (complex) contagion dominates the
propagation when p is high (low), with a minor influence from β,
which can be observed in Fig. 5. The gray area indicates the early
period of the contagion up to tinit, when ρ = 0.02. Dashed vertical
lines show tcasc, corresponding to the expected outbreak time if B is
positive [see Eq. (5)], in panels (c), (d).

At this time, complex contagion takes over the initial sim-
ple contagion dynamics, in the complex dominated regime
p < pc(β ), a phenomenon, which has already been identified
previously [47].

IV. NUMERICAL SIMULATIONS

We compare our analytical results with numerical simu-
lations, using parameters N = 1000, a = 1, m = 5, and φ =
0.25 for z = 2, and φ = 0.5 for z = 3. We follow a Monte
Carlo approach, averaging simulations over 100 independent
runs. Specifically, we compute the average time required to
reach each value of the number of infected nodes, that we
normalize with N to obtain the average fraction of infection
as a function of time. We fix z = 2 (if not noted otherwise)
while varying β and p.

Figure. 1 shows the contagion curves for different β and
p; for the full parameter space see Appendix E. When p is
large, the dynamics is determined by simple contagion, as
we can see by the rapid growth of the prevalence, which is
faster for larger values of β [see Figs. 1(a) and 1(b)]. When
p is small, on the other hand, the complex contagion prevails
[see Figs. 1(c) and 1(d)]. In this regime, the prevalence grows
initially slowly, followed by a sudden increase indicative of a
cascade. Interestingly, as shown in Fig. 1(d), the ρc cascade
emerges earlier when rare (p = 0.05) but likely transmitting
(β = 0.99) simple contagion events are present. Since the ini-
tial seeds may not be eligible to induce a complex contagion
outbreak, simple contagion cases build up the necessary initial
conditions to trigger a complex contagion cascade.

Figure 1, and Fig. 5 in Appendix E, show that the analyti-
cally determined divergence time tcasc generally predicts quite
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(a) (b)

(c)

(e)

(d)

FIG. 2. Comparison of contagion curves panels (a)–(d) and the
initial ratio λ vs the final infected ratio � (e) when all nodes have
the same activity (homogeneous activity—blue curves and markers)
and when the activities are sampled from a power-law distribution
(heterogeneous activity—orange curve and markers). The simula-
tions on panels (a)–(d) are parametrized with (β, p): (a) (0.05, 0.99),
(b) (0.99, 0.99), (c) (0.05, 0.05), and (d) (0.99, 0.05). The propa-
gation is considerably slower when the nodes have heterogeneous
activities. At the same time, the observed � and λ values are very
similar for the two activity distributions.

closely the time when the infection curve ρ(t ) starts taking
off, signaling the onset of the cascades. Nevertheless, tcasc

slightly underestimates the real outbreak time if both β and
p have high values, while tcasc is somewhat late if β is low and
p is high.

Further, we note that a nonconstant activity distribution can
affect the propagation speed. We consider in Fig. 2 the case
of heterogeneous activities by comparing the results of two
activity distributions: a Dirac distribution δ(a) (every node has
the same activity) and a power-law distribution P(a) ∼ a−γ .
Both distributions have the same average of 〈a〉 = 0.1; thus
the exponent of the power law is γ = 1.14. Figures 2(a)–
2(d) show that when activities are drawn from a power-law
distribution, the epidemic takes longer to reach every node, as
compared to the case when all nodes have the same activity.

Following this qualitative analysis, we now focus on dis-
entangling the effective mechanisms that rule the evolution
of the spreading process. As we have mentioned above,
the dominant mechanism can change during the process in
the mixed simple and complex scenario. We thus consider
the early and late stages of the propagation separately. The
early stage is defined for times smaller than tinit, at which the
prevalence ρ fulfills the condition ρ(tinit ) = 0.02, while the
late stage starts at tinit and runs to the time when all nodes are
infected, tend. The results presented in the following are robust
over a range of values tinit, as discussed in Appendix F. To
identify the early and late contagion mechanisms we consider
the ratios λ = ρc(tinit )/ρs(tinit ) and � = ρc(tend)/ρs(tend). If
the simple (resp. complex) contagion dominates the entire
process, both quantities remain below (resp. above) 1. If the

simple contagion dominates the early stage but the complex
one takes over in the late stage, then we expect � > 1 and
λ < 1, respectively.

Since the case � < 1 and λ > 1 cannot be observed (once
the complex contagion is triggered, it propagates much faster
than the simple one), we classify the spreading dynamics into
three categories: pure simple contagion (� < 1 and λ < 1),
pure complex contagion (� > 1 and λ > 1), and mixed con-
tagion (� > 1 and λ < 1). We thus expect two transitions
in the parameter space (β, p). The first, from pure simple to
mixed contagion, and the second from mixed to pure complex.
The first transition takes place at a threshold pc(β ), given by
Eq. (4) for z = 2, separating the phase in which simple conta-
gion is dominating asymptotically from the phase in which
complex contagion dominates at large times. In the mixed
phase, while complex contagion is dominant at late times,
at the early phase simple contagion is prevalent. The second
transition separates this mixed phase from the pure complex
contagion phase, in which even at early times complex con-
tagion is predominant. Changing homogeneous activity to
heterogeneous does not significantly affect the outcome of
the propagation dynamics: the initial and final ratios of nodes
infected by the simple and the complex contagions are very
similar [see Fig. 2(e)].

In the following, we propose two different methods to iden-
tify the transition point from mixed to pure complex phases:

Method 1. In the complex contagion dominated phase, we
measure the time teq and prevalence ρeq = ρ(teq) when the two
terms in the rhs of Eq. (2) become equal, indicating when the
simple contagion term takes over the complex contagion one.
These quantities can be computed analytically from Eqs. (6)
and (7), and numerically by evaluating in simulations when
the first and second terms in the rhs of Eq. (2) become equal.
The time teq signals the transition between a dynamics initially
dominated by simple contagion and the dynamics asymptoti-
cally dominated by complex contagion. In the parameter space
(β, p), the transition from the mixed phase to the pure com-
plex contagion phase should thus correspond to teq(β, p) = 0
(noted teq null in the following figures), that is, when right at
the initial time step the contagion is dominated by the complex
mechanism.

Method 2. The second approach relies on the results in
Eq. (1), suggesting that the function 1/ρz−1 should decrease
linearly with time t , if the spreading is governed by pure com-
plex contagion. We demonstrate this behavior in Figs. 3(b)
and 3(c) by showing the curve 1/ρz−1 for simulations (dark
blue line) with parameters (p, β ) = (0.07, 0.07) and (p, β ) =
(0.4, 0.4), corresponding to the (β, p) pairs indicated by the
black points in Fig. 3(a). In the case where both simple and
complex contagions are present, the early time behavior of
1/ρz−1 scales also linearly with t . This is evident from Eq. (3),
as it can be seen expanding the exponential in the denominator
using its Taylor series regardless of the sign of B. However,
this linear trend breaks down earlier, since the expansion of
the exponential fails sooner. As a result, the complex conta-
gion dominates longer, as marked by a longer linear decrease.
To quantify this effect, we first consider an initial regime
up to small initial time tinit, in which we assume a linear
behavior for 1/ρz−1 [Figs. 3(b) and 3(c), gray area]. To take
equally different values of z, we define tinit as the time when ρ
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FIG. 3. The ratios tlim/tend obtained across the whole parameter
space (β, p) for z = 2 (a) and the 1/ρz−1 curves (dark blue line) ob-
tained from simulation averages with (β, p) = (0.07, 0.07) (b) and
(β, p) = (0.4, 0.4) (c). These curves are fitted by a linear function
(black dotted line) on the period before tinit (gray area). The tlim

time point corresponds to an ε > 0.15/ρz−1
0 difference when the two

curves diverge, as indicated by a vertical light blue line. 1/ρz−1 stops
being linear at early times when the propagation is fast, i.e., when
both β and p are high, while this linearity persists longer when the
contagion process is slow (low β and p). Simulations results were
calculated as averages over 100 realizations.

satisfies the condition 1
ρz−1(tinit )

/ 1
ρz−1

0
= 0.5, which corresponds

to ρ(tinit ) = 0.02 if z = 2 and ρ0 = 0.01. We then fit a linear
function to 1/ρ(t )z−1 in the interval [0, tinit] [Figs. 3(b) and
3(c), black dotted line]. Finally, we identify the value tlim
at which the linear behavior breaks down, indicated by a
vertical light blue line. This is defined by the time at which the
function 1/ρ(t )z−1 differs from the initial linear fit by a value
larger than or equal to ε = α/ρz−1

0 , α = 0.15. The parameter
α can be chosen in a broad range [0.1, 0.5] leading to similar
results; see Appendix F. The prevalence at this time is denoted
as ρlim = ρ(tlim).

We display the rescaled time tlim/tend for an extended pa-
rameter space in Fig. 3(a). According to these results our
method can well separate the regime where the complex con-
tagion dominates (characterized by large tlim/tend values and
corresponding to lower values of β and p), from the simple
contagion dominated regime (with small values of tlim/tend and
for higher values of β and p).

In Fig. 4, in the (β, p) parameter space, we show how
the proposed analytical and numerical methods capture the
transitions from pure simple contagion to mixed, and from
mixed to pure complex contagion. In Figs. 4(a) and 4(b) [resp.
4(c) and 4(d)] we show results for the z = 2 (resp. z = 3) case.
The regions are determined by comparison of the values λ and
� defined above: pure simple contagion for �,λ < 1; pure
complex contagion for �,λ > 1; and mixed contagion for
� > 1, λ < 1. For z = 2 [see Fig. 4(a)], the phase boundary
between pure complex (brown area) and mixed (pink area) is
well captured by method 1, corresponding to a null teq line
in red. The boundary between mixed and pure simple (green
area) is slightly shifted from the prediction pc(β ) (green line).
In the case of z = 3 [see Fig. 4(c)], again method 1 provides an
excellent approximation for the boundary between pure com-
plex and mixed phases, which seems to take place at smaller
values of (β, p) than for z = 2. In this case, we do not have
an analytical prediction for the boundary of mixed and pure

FIG. 4. Areas corresponding to the three categories in the pa-
rameter space (β, p) in (a) for z = 2 and in (c) for z = 3. The
pc(β ) curve (dark green) and the limiting curve of teq null (dark red)
match well the transitions between the different phases. The values
of ρlim, displayed in (b) for z = 2 and (d) for z = 3. They reflect
well the transition between the pure complex and mixed phases that
collapse on the corresponding teq null (dark red) curve. Simulations
were performed using parameters N = 1000, ρ0 = 10, with results
averaged over 100 independent realizations.

simple phases, leaving us alone with the results of numerical
simulations. However, it seems to appear for smaller (β, p)
values as compared to the corresponding z = 2 case.

In Figs. 4(b) and 4(d), we present the predictions of
method 2 for the location of the boundaries between
pure complex and mixed phases for the cases of z = 2
[Fig. 4(b)] and z = 3 [Fig. 4(d)], respectively. In these plots
we show the density ρlim for the whole range of the (β, p)
parameter space, as color maps. We found an excellent match
of the phase boundary extracted from method 2 and the clas-
sification made in terms of � and λ ratios displayed as a
color map for z = 2 [Fig. 4(a)] and z = 3 [Fig. 4(c)]. Further,
these boundaries closely recover the prediction of method 1
represented by the teq null curve (dark red line) on each figure.

V. CONCLUSION

Social contagion processes are mediated by temporal inter-
actions of individuals who may follow simple or complex con-
tagion mechanisms to adopt. Meanwhile, the actual mecha-
nisms may vary between people and from one adoption case to
another, depending on the spreading item and the social con-
text. These aspects were overlooked by earlier studies, which
to model mixed spreading processes, usually predefined
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contagion mechanisms for each individual and focused on
their spreading only on static networks. This work closes this
existing gap by introducing a mixed model of social contagion
on temporal networks, in which nodes can be infected by
either simple or complex contagion dynamics simultaneously.
We focused on the simplest modeling scenario of a homoge-
neous activity-driven network with all nodes having the same
activity. We tackled the solution of the model analytically
using mean-field rate equations for the total density of in-
fected nodes as a function of time, and numerically through
extensive simulations. We also explored numerically hetero-
geneous activity systems. This way we proposed two ways to
differentiate between processes of different dominant conta-
gion processes at the early and late stages of the spreading
dynamics.

We identified three phases of contagion according to the
two main parameters of the model, the probability p of adopt-
ing by simple contagion, and the infection probability β of
simple contagion. We found that for small values of (β, p),
the dynamics is ruled purely by complex contagion. For inter-
mediate values instead, the dynamics is mixed: initially dom-
inated by simple contagion but following complex contagion
at later times. Finally, for large (β, p) parameter values the
spreading is dominated by the simple contagion mechanism.
We proposed a criterion to determine these phases, that we
confirmed by analytical expressions determining one of the
phase boundaries, and by numerical methods for all of them.

The methodology presented here certainly has some limi-
tations. While we found these results robust and very similar
to adoption dynamics on networks with heterogeneous activ-
ities, the analytical approach is only valid when all the nodes
have the same activity. Also, the chosen binary-state model is
simplistic and could be further extended using more realistic
contagion models such as multistate spreading models [53].
Finally, as our work is exploratory, it may not be readily appli-
cable for real systems, where neglected dynamical characters
like burstiness or causal event correlations [37] play roles and
complicate the observations of the adoption mechanisms.

Future work should be dedicated to extending the analyt-
ical study to larger z values, and to find a critical adoption
probability pc separating simple and mixed contagion in these
cases. Furthermore, we explored the effect of heterogeneity of
nodes—with respect to their activity rate—only qualitatively,
by comparing contagion curve profiles between constant and
power-law activity distributions. Extending the analytical and
numerical frameworks presented here to temporal networks
with heterogeneous activities, as well as exploring the effect
of bursty interaction patterns [54] on the mixed contagion
dynamics represent significant venues for future research.
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APPENDIX A: MEAN-FIELD RATE EQUATION

We consider the time evolution of the number of infected
individuals I (t ). In a microscopic time step �t , we choose
a node at random (the ego node), which is susceptible with
probability (N − I )/N . The ego node becomes active with
probability a, in which case with probability p it follows
a simple contagion, and with probability 1 − p it follows a
complex contagion to potentially become infected. Therefore,
within a mean-field approximation [49], the number of in-
fected nodes at time t + �t can be written as

I (t + �t ) = I (t ) + N − I (t )

N
a [p�m,β (ρ) + (1 − p) Pz(ρ)],

(A1)

where �m,β (ρ) and Pz(ρ) are the probabilities that the focal
node becomes infected by the simple and complex processes,
respectively. For the simple contagion process, the ego node is
connected to m other nodes, each one infected with probability
ρ. Each infected neighbor transmits the infection to the ego
node with probability β. Thus, the probability that any one of
the infected neighbors infects the ego is

�m,β (ρ) = 1 − (1 − ρ β )m. (A2)

On the other hand, for complex contagion to take place, we
need the ego to be the neighbor of at least z infected nodes, an
event that happens with probability

Pz(ρ) =
m∑

n=z

(
m

n

)
ρn(1 − ρ)m−n ≡ Iρ (z, m + 1 − z), (A3)

where Ix(a, b) is the regularized incomplete beta function
[55].

Assuming that the time interval �t = 1/N , in such a way
that a whole update of the network corresponds to one Monte
Carlo time step, we can take the thermodynamic limit N →
∞ in Eq. (A1) to write the differential rate equation

dρ

dt
= a (1 − ρ) [p�m,β (ρ) + (1 − p) Pz(ρ)]. (A4)

In the following, we analyze the beginning of the propaga-
tion process, in the limit t → 0, ρ � 1, considering different
cases.

APPENDIX B: PURE COMPLEX CONTAGION

The case when all nodes follow the complex contagion
mechanism corresponds to p = 0. In this scenario, using
Eqs. (A4) and (A3), we obtain

dρ

dt
= a (1 − ρ) Iρ (z, m + 1 − z). (B1)

Since we are interested in the behavior for small t and ρ, we
can use the power expansion of the regularized incomplete
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beta function for integer z [55]:

Iρ (z, m + 1 − z) ∼ ρz

(
m

z

)
, ρ → 0. (B2)

Thus, keeping only the leading terms, Eq. (B1) can be written
as

dρ

dt
= Cρz, (B3)

where the constant C is equal to

C = a

(
m

z

)
. (B4)

The solution of this equation, in terms of the initial density
of infected seeds ρ0, is

ρz−1(t ) = 1

ρ1−z
0 − (z − 1)C t

. (B5)

This solution shows a linear decreasing behavior in time of the
function 1/ρz−1, with a divergence at a time t = ρ1−z

0 /[C(z −
1)]. The time of the divergence is smaller when ρ0 is higher, as
initially there are more infected nodes, and when z is smaller,
as the condition to be infected is easily reached.

The fact that the density of infected nodes exhibits a sin-
gularity at the small time description can be interpreted as a
signature of the complex contagion mechanism, which usu-
ally proceeds in cascades in which a large fraction of nodes
become infected in a very short period of time [19]. This
behavior is in contrast with simple contagion, which at short
times is defined by a monotonous exponential increase.

APPENDIX C: MIXED SIMPLE
AND COMPLEX CONTAGION

We consider now the case of mixed simple and complex
contagions. To simplify our calculations, we focus here on the
case of z = 2. We thus have, for the simple contagion infection
probability,

�m,β (ρ) = 1 − (1 − ρ β )m � m β ρ − ρ2 m (m − 1)
β2

2
,

(C1)

where we have kept only the lower-order terms in ρ. For the
complex contagion probability, from Eq. (B2),

P2(ρ) � ρ2

(
m

2

)
= ρ2 m (m − 1)

2
, (C2)

where again we have kept only the leading terms in ρ. Insert-
ing Eqs. (C1) and (C2) in Eq. (A4), we obtain

dρ

dt
= a p m β (ρ + B ρ2) (C3)

up to order ρ2, and where we have defined the constant

B = (1 − p) (m − 1)

2 pβ
− (m − 1) β

2
− 1. (C4)

The solution of Eq. (C3) in terms of the initial density of
infected nodes is

ρ(t ) = 1

Ae−t a p m β − B
, (C5)

where we have defined the constant:

A = B + 1

ρ0
. (C6)

If B is negative (and ρ0 sufficiently small in such a way that
A > 0), then ρ(t ) grows at short times, until it saturates to the
value 1/|B|. If B is positive, on the other hand, ρ(t ) diverges
at the time

tcasc = 1

a p m β
ln

(
A

B

)
, (C7)

which serves as a proxy to indicate the time of the cascade,
namely, the time of a sudden increase of the density of in-
fected nodes.

These different behaviors, depending on the sign of B
can be understood as follows. For B < 0, the second term
on the rhs of Eq. (C3) is negative, in agreement with
the second-order expansion of the rate equation for pure
simple contagion [see Eq. (C1)]. Otherwise, if B > 0, the
second term on the rhs of Eq. (C3) is positive, as it corre-
sponds to the pure complex contagion rule [see Eq. (C2)].
We can interpret the value B = 0, corresponding to the
probability

pc(β ) = m − 1

2 β + (1 + β2) (m − 1)
, (C8)

as the boundary separating a dominating simple contagion (for
p > pc) from a dominating complex contagion (for p < pc).
Within the complex contagion dominated phase, the diver-
gence time tcasc is a proxy of the time at which complex
contagion takes over from the simple contagion prevalent at
very short times.

The divergence time tcasc diminishes as ρ0 increases, since
the increase of the proportion of infected nodes occurs earlier
when there are initially more infected nodes. The parameter β

also makes the critical time decreasing when it is increasing:
as there is a higher probability to be infected for the simple
contagion, the number of infected nodes is greater; thus the
increase of ρ is earlier.

In the complex contagion dominated region with B > 0,
another way to estimate when this dynamics takes over simple
contagion emerges from the analysis of Eq. (2). In this equa-
tion, we have a linear term, arising from simple contagion, and
a quadratic term, with components from the complex and sim-
ple contagions. Assuming that complex contagion dominates
over simple contagion when the second-order term becomes
larger than the linear one, we can define the threshold density
of infected nodes,

ρeq = 1

B
, (C9)

such that at the time teq, corresponding to ρ(teq ) = ρeq, the
second-order term overcomes the first-order one, and we ex-
pect complex contagion to prevail. From the solution Eq. (C5),
we can estimate, within the small time approximation, and
assuming ρ0 is small enough such that ρ0B < 1,

teq = 1

a p m β
ln

(
A

2 B

)
, (C10)
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FIG. 5. Fraction of infected nodes, ρ(t ), as the function of time for simulated spreading scenarios (blue line), together with the proportion
of nodes infected by the simple, ρs (green curve), and the complex, ρc (red curve), contagions for z = 2. Panels show simulation results
averaged over 100 realizations, for different values of β (x axis) and p (y axis).

such that teq < tcasc. In the case that ρ0 > ρeq, the quadratic
term containing elements from the complex and simple
contagions dominates from the initial instant of the dynamics.
This scenario corresponds to teq = 0 and marks the region
below which the complex contagion is fully predominant from
the early stage of the dynamics.

To sum up the behavior of z = 2, for p > pc(β ), contagion
is dominated by the simple mechanism. For p < pc(β ), conta-
gion is dominated, at large times by the complex mechanism.
At short times, however, simple contagion is prevalent, since
it has a larger average transmission. At the time teq, complex
contagion takes over from the initially predominant simple
mechanism.

APPENDIX D: GENERAL CASE z > 2

We can also calculate ρeq when z > 2. To do so, we first
aim to calculate the expression of P(n � z) and �m,β (ρ)
in the general case in which z can take any value. We
first prove that P(n � z) is a polynomial for which the zth-
order Taylor expansion has a lower degree of z, meaning
that P(n � z) is governed by the term ρz. Indeed, the Tay-
lor expansion of the term (1 − ρ)m−n in Eq. (A3) gives the

following:

P(n � z)(ρ) =
m∑

n=z

(
m

n

)
ρn

[
1 +

z∑
i=1

(−1)iρ i

i!

× (m − n) . . . (m − n − i + 1)

]
. (D1)

In order to prove that the lowest degree of P(n � z) is z,
we consider the term ρα , with α < z, and demonstrate that
its coefficient Cα is null. From Eq. (D1), if α is equal to
0, the coefficient is 1− (m

0

)
ρ0, which is null; otherwise the

coefficient Cα is the following:

Cα = −
(

m

α

)
−

α−1∑
n=0

(
m

n

)
(−1)α−n

(α − n)!
(m − n) . . . (m − α + 1).

(D2)

By reorganizing the terms, Eq. (D5) is then equal to

Cα = −
(

m

α

)[
−1 −

α−1∑
n=0

(
α

n

)
(−1)α−n

]
. (D3)

The right term of Eq. (D3) can be expressed as −1 −
[
∑α

n=0

(
α

n

)
(−1)α−n1n − 1]. Using the Newton’s binomial, we
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FIG. 6. Inverse of the proportion of infected neighbors to the power z−1 (dark blue line), fitted with a linear function on the first part of
the propagation (black dotted line). The x axis stands for different values of β, while the y axis represents the values of p. The time tlim when
the difference between 1/ρz and its fit is higher than ε > 5 is indicated with a light blue line.

show that that term is null, thus Cα is also null, which demon-
strates that the zth-order Taylor expansion of the polynomial
P(n � z) has a lower degree of z. The coefficient of the term
in z is then equal to

Cz = −
z−1∑
n=0

(
m

n

)
(−1)z−n

(z − n)!
(m − n) . . . (m − z + 1). (D4)

By reorganizing the term, we prove that Cz = (m
z

)
, and then

P(n � z) = (m
z

)
ρz.

The general term of �m,β (ρ) is given by its Taylor
expansion,

�m,β (ρ) = −
z∑

i=1

(
m

i

)
(−1)i β i ρ i. (D5)

We then use those expressions in Eq. (A4). In the right part of
the equation, the term in ρz is a

(m
z

)
[p(−β )z−1[β + z

m−z+1 ] +
1 − p]ρz and the term in ρ is −apmβρ. Those two terms are
equivalent when

ρeq ≈ z−1

√
m pβ(m

z

) [
p (−β )z−1

(
β + z

m−z+1

) + 1 − p
] . (D6)

APPENDIX E: SIMULATIONS ON THE EXTENDED
PARAMETER SPACE (β, p)

The contagion curves and the expected times of increase
tcasc, displayed in Fig. 2 in the main text for four different
parametrizations (β, p), are shown for a larger range of values
in Fig. 5. We can observe that large values of p and small
values of β lead to a slow dynamics, as the model attempts
but fails to infect nodes through the simple contagion. In
contrast, the fastest contagion processes are for high values
of both p and β as the nodes in this setting are mainly infected
successfully by the simple contagion.

In the same figures, we also explore the proportion of
nodes infected by each process through time, namely, ρs and
ρc. Complex contagion dominates the propagation for small
values of p, as nodes are more likely infected by the complex
contagion in this setting. Also, in line with previous results,
the simple contagion governs the spreading when p is high.
The influence of β is minor but observable, leading to higher
ρs when β increases. In particular, in the simulations for p =
0.5, p = 0.6, and p = 0.7, raising β changes the contagion
process dominating the simulation, from the complex to the
simple contagion.

Figure 6 exemplifies the second method to evaluate the
dominance of the simple or complex contagion at the be-
ginning of the process with an extended parameter space
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FIG. 7. Proportion of the areas of the three categories: pure sim-
ple (blue curve), mixed (pink curve) and pure complex (gray curve)
over the whole parameter space (y axis) as a function of ρ(tinit ). If
ρ(tinit ) is small, the areas of the three categories are very similar.

compared to Fig. 3 in the main text. The curve ρz−1 is linear
decreasing if the complex contagion dominates, which is the
case for low values of β and p. We measure the linearity of
the early times of the curves by fitting the curves with a line
and showing the time when the simulations and the fits have
a difference higher than ε. As expected, the linear trend is
not present for high values of β and p, for which the simple
contagion governs.

APPENDIX F: ROBUSTNESS WITH RESPECT TO tinit AND ε

We define the initial stage of the contagion process as the
period up to the time tinit. The choice of tinit has a direct
influence on the parameter λ, which determines the classifica-
tion of the contagion dynamics into the three categories: pure
simple, mixed, and pure complex. In the paper, we choose tinit

such that ρ(tinit ) = 0.02.

FIG. 8. Pearson coefficient (y axis) comparing the value of
tlim/tend over the entire phase space between the case α = 0.15 and
another value of α (x axis).

In Fig. 7, we assess the impact of the threshold ρ(tinit ) on
the results, by looking at the fraction of the three categories
(pure simple, mixed, and pure complex) in the parameter
space (β, p) (see Fig. 4), as a function of ρ(tinit ). One can see
that the fraction of the pure simple category remains low and
constant regardless of the value of ρ(tinit ), while the mixed cat-
egory slightly declines and the pure complex category slightly
increases as ρ(tinit ) increases. Therefore, for small values of
ρ(tinit ) (e.g., ρ(tinit ) < 0.04) results are very similar, indicating
that the choice of ρ(tinit ) does not affect the model’s outcome
in this range.

Similarly, we evaluate the impact of the parameter α on the
threshold ε = α/ρz−1

0 ε for method 2, used to determined the
end of the linear regime. In Fig. 8, we assess the impact of α,
by comparing the ratio tlim/tend across the whole parameter
space between the case α = 0.15 (used in the main paper)
and alternative value of α using the Pearson correlation co-
efficient. The results indicate that for α values in the range
[0.1, 0.5], the method yields very similar outcomes.
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